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GENERAL CIRCULATION EXPERIMENTS
WITH A TWO LEVEL PRIMITIVE EQUATIONS MODEL

by

Eliahu Doron and Abraham Iluss

Abstract

A modified version of the primitive equations model proposed by
Mintz and Arakawa was integrated in order to obtain circulation patterns in
a zonal strip. A hydrologic cycle was included and its influence on the develop-
ing circulation was investigated. In the first integration not including release
of latent heat a more or less symmetric circulation developed, with a jet stream
characteriétic of summer conditions at the central latitude. The strength and
distribution of the merici~nal circulation was also quite characteristic of summer
in the real atmosphere. In the second integration, including the water vapor
cycle, the development was more vigorous and higher amplitudes of the geo-
potential were reached. The surface pressure gradients were also more pio-
nounced and were close to those observed in the southern hemisphere in summer.
The resulting precipitation and evaporation amounts were much toc low, so that
although an improvement in the direction towards a more realistic simulation of

the atraosphere is observed in the second integration, this improvement is not

very niarked.



INFRODUCTION

The experiments described in the following are part of a
series, carried out in order to assesstheeffect of the hydrologic cycle on
the development of the general circulation of the atmosphere. They are a
direct continuation of research carried out along the same lines with a quasi-
geostrophic model (Huss and Doron, 1967). From the results of this carlier
set of experiments tentative conclusions were drawn as to the effect of the
release of latent heat. The question, as to whether these effects are real
physical phenomena or merely derived from the specific mathematical form-
ulation of the model,could not be answered with certainty. One way of over-
coming this difficulty is to try to simulate the same effects with a different
model. For such a comparison it is necessary to apply both models to the

same domain and to include the same physical parameters, as far as possible.

A first step in this direction was made in the following ex-~
periments. The rmodel chosen was essentially the two level, primitive equa-
tions model develcped by Mintz and Arakawa (Langlois and Kwok 1969). As
this model covers laterally the whole globe and vertically only the troposphere,
certain modifications were required. These included the application of a different
vertical coordinate and the formvu'ation of boundary conditions appropriate for
the zonal strip chosen for the quasi-geostrophic model. In addition the original
definition of heat sources and sinks was abandoned and the formulation of the
quasi-geostrophic case was used. Finally, all the effects due to the curvature
of the globe were neglected and the equations were applied toa plane strip, as

in the previous model.



General Aspects of the Model

In order to investigate further the influence of the introduction
of water vapor and release of latent heat on the general circulation, a second
more advanced mocz] was used. The model chosen was basically the two level
primitive equations model developed by Mintz and Arakawa (Langlois and
Kwok, 1968). Certain modifications, which will be listed below, were nec-
essary in order to apply it to the same domain chosen for the previous ex-
periments. Thus thc vertical coordinate had to be modified. Furthermcre,
the introduction of lateral "walls" as boundaries necessitated the introduc-
tion of suitable boundary conditions and an appropriate definition of a corres-
ponding finite difference scheme. No attempt was made of mapping and the
cquations were applied to a plane. Finally the original formulation of heat
sources and sinks was abandoned and a simple heating function was employed,
similar to the one used in the previous model. Thus, using also simil.r initial
conditions, the results of the two models might be compared The main ad-
vantage of the present model is the removal of the quasi~geostrophic restric-
tion imposed on the previous model. A second advantage would be that oro-
graphic effects could be introduced in a straightforward way - but this was
not done in the following experiments. As in the previous model two levels
were used in the vertical, and they were [ixed in such a way as to be as close
as possible to the levels used previously In the original model the humidity
field was carried by the lower level only. In the present experiments, water
vapor was carried explicitly at two levels. It was not expected however, that
this would lead to any marked improvements, as the amount of water at the

. upper level must be at least one order of magnitude smaller than the amount



at the lower levql. ‘Thus the release of latent heat at the upper level will
have only a small effect. It was expected however, that this modification
would improve the mechanism of water vapor transports in the atmosphere.
The experience gained may be of help in the treatment of the distribution

of other aterials in the atmosphere, such as radioactive substances.

Governing equations and integral constraints

Making use of the x, y, + , t coordinate system introduced by

Phillips (1957) the thermo-hydrodynamic equations may be written in the

form:
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where:

v - Horizontal wind vector
&8 - xfHowy - Coriolis parameter
& - Vertical unit vector
(%) - Geopotential
o - Potential temperature y
~ - Temperature 5
R - Gas constant for dry air ,
Cp - Specific heat at constant pressure
P, - 100cb,

L -~ Surface pressure .

— _ 5 . .
b1 ™, The vertical coordinate )
Q -~ Diabatic heating per unit mass y
F - Frictional force ,

Eqs. (1) and (4 ) may be written in the flux form by multiply-
ing them by~ and adding (3 ) multiplied by v and & respectively.
The result is:

%}'(“W)“'V‘(“'VV)+'2—G_CW&'V)+""'?\kxv—-§}@-¢)vn- (6)
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By substituting the temperature for the potential temperature, eq. (7)

hecomes:

o - — w

F'BL‘ \—” s Lo le ' W) -+ K:D;_ .'\' . O—) R ‘.‘.::_C‘_”;_i- p (8)

R T W . 71’"‘ -~ T—L.(;: -
In the ubsence of frictional forces and diabatic heat sources the

total energy 'i mws + o T the mass-averaged potential temperature

™ & , and the mass averaged second moment of the potential temperature

Lo e should be conserved. Following Mintz and Arakawa our aim

-~

is to construct a two le ‘el model involving a vertical finite difference
scheme, which will maintain the above mentioned constraints. As the der-
ivation and the final resultsare somewhat different from the one given by

Mintz and Arakawa, they will be discussed in the following.

The levels <~ = 0, 1/4, 1/2, 3/4, 1 will be denoted by sub-
scripts 0, 1, 2, 3, 4, respectively. Equations (3), (6), (8), will be ap-
plied at levels 1 and 3. Applying eq. (3) at both levels and assuming:

. BEN . . '
‘;:-\L‘LT'LWD./“ = Q\TLGE-(ro) = LT ey,
2 o L N !
P T iy A (UE ) E - 2oy,
with the boundary condition ':‘c = 5'4 =
the result is :
DT .
—’57 4 VLTT\V'> -~ 2T 0"1: Cl/
LT 9 (V) - AT s o, (9)



By adding eqs. (9 ) we obtain:

a7 0 L
Y 2. (1

and by substracting we obtain:

b o - g [ vy
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(11)

Next we write the last term of eq. (1) in the form:

..,G_:’_D.ivfrz__V'ﬂ‘ B
T Dg ’3:‘

($9) ~ ¢],

and applying eq. (1) at both levels the result is:
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The terms 7 (yq -V,) in egs..

Sy ¢ v .Yy, + ‘2(\’3 “\V:,\ + B‘k*\\/‘ +O¢l + g—?rTEL¢(- 4>1)

:O}

Kavy + 94, + TP vd) =0 . (12)

(12) are derived by interpolating o
a'..

at both levels in the form: '3" = 5’_’- and 6‘3, = %
and by taking forward differencing for ’%_\\é_ at level 1 and back-

ward differencing at level 3.

Multiplying eqs. (12) by 7Ty, and 77 V3 respectively:

and eqs. (9) by —1L\v,2 and

we obtain-

3 v,*  respectively, and adding,
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O,
By o s B (13)
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The fourth terms in eqs. (13) can be written in the form (using eq. (9)):

W\y,-i‘?dv’ = 7. k-r¢\\/)~ ‘\7 (VY= . (ﬂ'c#) ) (#J‘ +-21T6«)’

i Ya Oé\ = N7 /ﬁlpg‘y3) - 4"3\7'('“'\/3) = (W¢3v3§l+ ¢3C2$"2Wd’3).

Applying this to eq. (13) the result is :
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2
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(14)
Adding eqs. (14) and integrating over the horizontal extent of the domain
we get:
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where (—\ ) denotes horizontal averaging.

~

Ea. (15) is the finite difference analogue of the kinetic energy

equation, when integrated over the domain

We now write eq. (7) at both levels in the form:

270 ¢ T{TE) + ATO = 0,
%Lﬂ.@%) - 7. (ﬂ'@%vg)_ ’111‘616"2 = O/' (16)

adding eq. (16) and integrating horizontally over the domain :

X [mieres)j =0. (17)

Eq. (17) is the finite difference analogue of the potential temperature

average, so that this constraint is satisiied.

T,

B M RI(F - . o N
Adding errl‘g_(?a) and - 277, ’-L%ﬂ ‘e to egs. (16)

respectively and dividing them by LPLEP?) Yo and cp (B )RICP
! Pa

respectively we obtain :

. . Q',
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- T O, -V[(%’é)n"'”] = Amd, e [T, - %O)W(PG'J,]

Q - - )
,—a—kcﬂ'cp |3) +O:(rr<P I3 V%) ~ 2Wa, ¢p - cpfez%*[(%)"cpj (18)

-~ vae%vsav[(%)w“’] = awa, K??o)% 6, _T,_]'
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Now
DT\ R R “Rigp -8t My = R i W(p 2T - RT: Ar
?}L(\%[)) pj: o Pe Pt S ) Kf"’) Ti % T p T B,
so that -
- 5 D Rl - = /I
pTr S, 0%[/\%0) r\l = -eT, W
in the same way:
. 2. Tif3 \Nep| = —pT, 2T
T Lp T Oy 'DrLKF‘o) c¢l RTa Dy
-~ ™ Q,(p - p:" 7
~L‘).\b:\\/l.‘V[(T;o) T - $\\/.\|-/
~ Ty vy T [(%}’)Ncp X 2 < AT, v, VT

Applying these results to eqs.

(18) the result is:

2 (T ) T T V) 4 2w, ey ~RT (3T +v,.UT) <
zawa cp Ty [ '(‘;')M“’]/
5 (Tep T3) v+ @ (TpTavy) - 2T el — RT (X .J,V%.O'\T) =

toaw ey T 1) Rlep \l

(19)
Finally adding the four equations (14) and (19) and integrating over the
domain the result is:
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‘Eq. (20) is the finite difference analogue of the total energy equation.
In order to maintain kinetic energy conservation no matter

what the values of -, ¢, and y are, we must require:

LT, = (b‘v (!)2/
Ty = $,+ b
e T ;_{‘ a1\ ®egp _‘i>k!¢p7\ - b -4, , (21)

Egs. (21) represent the finite difference form of the hydrostatic equation.

Turning to eqs. (16) and writing them in the form:
1--('33‘ + \\/«\79)-\-@[21.‘- -'rV-(“T‘V\]-I- 2wa, O, =
"\ 33 ' ' 'Ly Ay 29 = 0O

17(90%2 -~ VO.,)-;- o, ”‘“'-1—\7(11\\/ I—:ma-,_ezzoj (22)
and using (9), we obtain.

22 vy, VUG, * lé’,_(@,_-(;‘) = O

(23)



Multiplying eqs. (23) by : o,

i
$

:“-‘y ‘\i W G;) -+ V"({;—TPG': Vs) - AW C‘L:_ G’3(02 - -‘iG\)

= 0, (24)
Adding eqs (24) and integrating over the domain:
’\,V\/\Z d W:MM/\.— W
;*a[:iﬂo, O = 2wy [0.(8, -6y)- ;._Lc:f_ @31 , (26)

Equation (25) is the finite difference analogue of the second moment of the
potential temperature equation.

In order to maintain the constraint for an arbitrary value of
¢, and T we thus must have:

. ] s -- GIL .
© = T S 5.\
R T (26)
and for the temperature at level 2 we obtain:
_ ' NL;‘ i NL
R R CRaAY @
Defining:
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and solving egs. (21) and (27) we obtain:

S Do, = (O e‘_rsﬂi

i o b /

c\:‘ L e B o (R Ta) (28)
,A— . ! o }

-

\ - N e
by - & (el Tow (R 2]

We are now in a position to sum up the equations of the model under adiabatic

and frictionless conditions:
‘9 . f \ 4 \ ’ -— - bl
LT 4 7 (TaY) 5 ) iy = TR BT BT R

2 () + 0 (Ty V)~ T+ ha) &y = TRV 2 (meh,) + (T -4,y B %9 A

4

WS ’ . . . , hd - 3T 3
;:;(\_rrv,) + TV W) ST, 2 V) @ T, %‘,quw.g.@“:-({,‘}%% = T

() + 0 (TVN) =TV ~v3) Gy amQuy v 2 () LT 4 )% =© Y

) ,rT\‘-—CLT‘ AT « 7 4 Ry .
”,‘b"",LWT-l>+ v (.‘ |V1) -t'PJ'Q‘TS'{. -\V. \«ﬂ')-%‘ 111.0;.(";:) L“T::\,/ _'\_7.,

;’:f—r—(rr’rg) 2T (wTiv,) — "%’:{3 %I{ +V3.vw> — AT 6-1@‘__)“% =0 0



/T _ . . -t ’
r T T2V LTV e v] s = Ty ) - A e, =V (T,) v, VO

P B

YA :}';rv Ly, ““@)1, viT
- L ~ Ry L Ri¢ .
ty = .Q—A.[‘J" p-‘_( + 3) p-‘—al . E

Equations I - IX and the 3 equations (28) thus complete the system of
the model equations.
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FRICTIONAL TERMS, EDDY DIFFUSION TERMS AND DIABATIC HEATING

A8 the vertical diffusion terms and the surtace fristion were es-
sentialiy modelled in the same way as sugg i by Mintz and Arokawa, their
derivations will be omitted here. The only difference worth mentioning, is
that in the case of the surface stress the dependence on surface density was
omitted, i.e. it was made to depend only on the surface wind and on the pres-
sure. The surface wind was extrapolated linearly from the winds at the two
rcference levels. The inclusion of changes ir svrfacc density, amounting tu
no more than 10%, would not make the surface ctress any more accurate, and
would take up more computer time. The horizontal diffusion terms were made
proportional to the Laplacian of the diffused quantity, with the sam< constant

of proportionality for momentum sensible heat and water vapor.

As mentioned above, the original formulation of heat sources
and sinks was completely abandoned. As in the quasi-geostrophic model the
only heat sources taken into account were sensible heat flux from the lower

boundary and release of latent heal. The only sinks were radiation losses to

‘space and downward flux to the surface. The sensible heat flux was made pro-

portional to the temperature difference between air and ocean. Assuming. as
we did before, a standard atmosphere lapse rate between the lower reference
level and the rurface, the air temperature at the lower boundary became pro-
purtional to T3. The heat flux enters the lowest layer only, this being an
additional aspect which differs from the previous model. The radiation losses

were calculated in the same way and were made equal at hoth levels
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ENERGY TRANSFORMATIONS

As already mentioned above, the average kinetic energy per

unit column is given by :

Multiplying eqs. I-IV by w ,u; v, =~y respectively and adding

eq VII multiplied by L v} Lu> +v* L y.* respectively, we obtain:
A P N -

- rad 1 - - 2
D L.%‘“—(‘yll‘-\.\ylljl\ z =] e ;‘ .Qv'l ‘Vll\ - 7 [T%g_ Wa,

L2

——

- W'oV(p' ——\‘\-Qla\v4)3 ‘-.Q.T‘ \\/"Q\T —RT;V;QTT . (29)

Integrating over the horizontal extent of the domain:

'y}
x|

{

z - ;-Eé(w. U, V30 da) ~ ;—géuuw, + R v,) O, (30)

o
'.

In the absence of frictional losses the right hand side represents

the transformation of potential into kinetic energy:

[p, \.(l = - ,_;—cé [Tr( Vo Td, vy 0, + (BT v+ RT3V3).V\T] . (31)

Frictional losses are divided into two parts, one due to vertical diffusion of

momentum and one due to horizontal diffusion. These losses represent the
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energy which is transformed into the kinetic energy of small - scale eddies

not resolved by the model. For these two transformations we obtain:

LV\’ :Vl = = '{E‘ (v, o V's'F3>/

T _ = . i 32
w, A = l:[_ Vv v ¥ THYa)] (32)
¢  being the eddy diffusion constant, = where F; and F, are given
by (Langlois 1968) .

!F'-‘ = - B(\V"\V;;\,/T-'l )

'%‘:3 = B (v, ~va)/7? ..D‘W#\VA-/W/ (33)
B and D are constants.
With this definition of F1 and F2 the final result becomes .

Tw. "ol = _&_Xa_) . %{w\ Vo Vg (34)

with Vv, given by:

\VA'. = %-L% \&/3 - \\/,)

THE HUMIDITY FIELD

As in the previous model the variable chosen to represent the
humidity field was the specific humiaity, q. The prognostic equation for

the specific humidity was written in the form:

2(wq) + V- (Taw) + Z(7mq&) +w((~-€) ~ AVYwe) =C, (35)



where:

<

lo - Specific humidity gain through evaporation,
C - Specific humidity loss through precipitation,
A - Iddy diffusion coefficient .

The formulation of the evaporation and precipitation mech-
anism adopted in the previous model was retained also for the present
model, except that the amount of water vapor added through evaporation
was allowed to enter the lower layer only. Thus the assumption of constant
relative humidity with height was dropped and no instantaneous adjustment
of the humidity distribution through evaporation and precipitation was re-
quired. As seen [from the equation, no vertical diffusion of water vapor was
introduced at this stage. Adopting the same vertical differencing as for tem-

perature, we get the two prognostic equations at the two levels:
5(Tq) + 0 () £ 2T, + T - AV (Tq) =0,

Z(Taa) (TN} - AT d, g, + TG ~E3) - ATVi(moy)=C, (36)

q, was estimated as a weighted average of q, and qq- Assuming that the

humidity is distributed according to a o3 law, as in the previous model,

we obtain:



with a.= Ag + Bay Av =,

Thus -

Experience obtained from a 3-level model involving, among other
aspects, the concentration of radon as a time-dependent variable, showed
that the poor resolution in the vertical, with the assumed time step, may
lead to negative values of the concentration. This was due to the fact that
on the average the concentration at the intermediate level was about five
times larger than that in the upper level and about three times smaller than
that in the lower level when linear interpolation was used for 9 - The
vertical advection process was thus overestimaied at the upper level and
underestimated at the lower level. To overcome this difficulty a weighted
average was used. The results show that {.is was quite adequate and the

relativer humidity never went below about 30%

BOUNDARY AND INITIAL CONDITIONS

As mentioned above, the equations were applied to the same domain
as in the previous experiments. Thus we require cyclic continuity on the
eastern boundaries. On the northern and southern boundaries the following

boundary conditions were ~hosen:

(1) W o N =G
)
D ey - . 2T
(2) o ("TV) v %—YLT"V)Q = E-QLT-'U)N = :2_‘((.“. V‘)S'-C'/
1) = 2
(3) '—,?3-7‘/(" /N < -5;((“—95 = O,

Condition (1) ensures that no mass leaves the domain through advection

Condition (2) and (3) ensure that * ere is no diffusion of momentum or
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of heat through the lateral boundaries.
The initial conditions were generated in the following way :

First the ocean surface temperature was assumed to be constant
with lengitude and to vary linearly from 2700 at j=1 to -2500 at j =14,
with a gradient of 40C oJer grid interval. Next it was assumed that the air
surface temperature was equal to the ocean temperature, so that initially
no sensible heat entered the model atmosphere from the lower boundary.
The surface pressure was agssumed to be constant everywhere, and equal to
the standard pressure of 1013 mb. Next the temperature at level 3 was
calculated from the surface temperature by assuming a standard atmosphere
lapse rate between the surface and level 3. The upper level temperatures
were assumed to vary linearly from 2320A at j=1 to 219°A at j=14,
with a gradient of 1° per grid interval. From the temperatures at both levels
the geopotentials at both levels were calculated. At this stage a perturbation
was superimposed on the zonally averaged geopotentials of the following
form |, & =00 A \ M El‘,-‘- , where Y and X are the lengths
of the domain in the y and x dix"cction respectively. The amplitude chosen
was the same as in the previous morlel. Next the temperatures were corrected

to correspond to the perturbed geopotentials Finally the winds were assumed

to be initially geostrophic and were calculated from the gzopotentials.

The Arakawa finite difference scheme was retained in all the equations.
The grid interval used was the same as in the previous model, but the time
interval was reduced to 10 minutes to ensure mathematical stability of the

integration. The time derivative was approximated by the Matsuno scheme.
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FINITE DIFFERENCE SHCEME AND BOUNDARY CONDITIONS

As mentioned above the saine domain chosen for the previous
experiments was retained. It contained 15 grid points in the x and y
directions respectively. The staggered grid configuration proposed by
Arakawa was used. As it was thought advisable to write the finite difference
equations in a formulation which would allow a straightforward application

to the computer program, the different variables at the four different points

were assigned the same indices (see Figure below).

Win oy Venio wiin VEu wiwia Vies
“"5“" AN P ot Banin Wige!
Vi iv Ve Visnp ¥t
il Tiay AL W Widy Ty
P o oM . ui P
Ty T;'i T4,y
W Vol owgg Vi wid Vg
e * 0.’ . ., v
Vieng Yy Vi)
Uiaist Wiagar Wiga Wi L{;n,;.u Tian,i
. . . . e ® e ..
Te=tyy-t T“'li-‘ T"‘I,-'

Defining (with the upper index denoting the level ) :

u‘.-i ¢ W o+ u;::‘,.‘)('n';‘; + ‘n;-,.-l),

A 84
\/., . ! v  \J: ')I-“'-. *'n‘--_)
LX) 4 A Yy LA C () ty=v, (37)
) .
Si; = Ty T

the finite difference form of eq. VII becomes:

> [ - N ' a‘ “ : 3
T =g LU v Ry W

v CA ' 2
Vo VL - Vi = Ve ], (38)
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and eq. VIII becomes:

(\ N 1 N . 3. ' 1
Tty E[u‘aj - l‘l(ol - ui"!]. + u“'lnl'
. 1 \ Y
TV =V Vi A Vi, (39)

The boundary conditions for the last two eqs. become:

® “ -
/. = \/;.‘5 = QO

for every i and k , where k denotes the level.

The last condition ensures conservation of mass in the form:
& ¥ my) =0,
‘i

Next we turn to the divergence terms in eqs. I - VI. They are

written in the form:

\']I(T'.X V)L‘li : g[.’; (\Aili rUivig ¢ U(HJ-l +\A(‘i-|)(§({‘3 O S ‘))
- %(u;‘; UL o UGy u;-..;-.)(xclj * Xiay;)

2/ . L
F3MVemion S Viin = Viag + Vi) (g a Xqge)

[S4N |

=L (Vg RV Vi vV e (v * Xy
+%(Mc,3 + Uisy + Vi Vi) (% '*Xih,i*l)
+ 3 (Mege ¥ i =Veg =V -0 * Xz
-4 (U +Uiny - Miay =Via ) (R X e

’ Ji(ui.i S AUy 4 Vi VY (R RS )] (40)
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With x denoting either u or v.

To ensure the condition ( T (TXV)ds = 0 the following

[
formulation is used near the boundaries:
) A . . . .
o} 7. tﬂ-u\\y)o'. = QA§ [,Tri'g (V\»'l + ut&l.\)(uu” *uL-H.\)
-n:'lnl(uini +u,’-..,)(u.‘_'| +u"'|l|)]+ ?L%kva‘l*vi-“l)(“;,\ *uc'z)
Vgl vuin) 4 %V;-n,l(ui., *wiaa)],

-l . . . . .
’\iv‘ (WMW){_'\S -8A$ [‘T‘.Mr(“t,\:'*ucﬁl.ﬂ')(ut\\\’ + “L-H'l\‘)

' 0,
+ o V;lu\. Lul.t! + Ul«vllm,) + 13- Vi KT (Uil\y + u(-\‘m,.>] . (41)

3

The v equations are treated in a different way as with v = 0 on the

boundaries, the equations are not applied there. This requires a different

formulation of the scheme at a distance of one grid interval from the boundary,

in the form.
vi(mvy)i, = Z\i['_%( Ui o+ Uisrn + Ui W ) (via *V“":l)
- ?—2 (Uﬁ,z +UL U, 4 “‘:".')(V‘:l’- + VC"!")
* 2 (Viaat Vg vV, sVin)(wa = ve,s)
5 (e * W & Vi +Vogoim vy

-3 Lui,l + ui-t,l - Vi-l,z_ VZ-I,%)(VC,z v V;-..;)l
/
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- _(1_!\“'”0, + '\/LHQ + UL IR + UQ-“I%)(V;N\ *V;"lll\>
S AV AVt vV .
3L Vo SR OE) ~-‘.\‘>)(‘“-'°« + V««'—%)
/
+ LB (u‘.‘i‘: + U(m,p, -Vg‘.,;*\/;"%) (v;(.q AV{y .‘5/\

= _I?;(u\.’"?’ + uf.-!.(‘}. \"Vl-t|nl\ +V;~|'|%)(VC|I'L*’V;-\.U§)] . (42)

The application of this scheme ensures conservation of momentum in the
flux terms. Whether it also conserves energy does not appear to be certain,
but it is expected that even if it does not, the error will be very small, par-

ticularly when a more extensive domain with more grid points will be used.
The vertical flux terms in egs. 1 - IV are written in the form:
i : Wy 421 -
Lﬂb(«-X)O']L‘.J_

. ! 3
= E(XLI\ * x‘:))/\ S‘l) + 6;‘-“3 * SL;:]" + Si-l'j'l>/ (43)

with X dencting either u or v.

The coriolis parameter { is defined at the same points as u and v so that:

(’:‘z’?u\);'s 2

(T\';i *_‘TC“L\ »-'TT,',IS_, 4.‘(1‘;,\'3_‘) Q

P

L u"lJ ;

IRV = e o AT e T ra) Ry ey (44)

>

In the u equation on the boundaries it is of course omitted, by
virtue of the condition v = 0, so that this presents no problem as far as

conservation of energy is concerned.
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Next we write:
.0V -
= 105(““'\ (PL'.‘ *-n\-..l'l ¢bd-| "Tr\.-l,'l 43"_-‘ "3 —Tr:'"\:)" ¢t.-l'\~|)/
"%r (“’4’)"".‘ =z
= 105("7.,_\ 4;‘».3 &-Tri-a,j ‘biﬂ,; STV 4>i5-1 —’ﬂ;_"s_, 49;_,'5_‘)/ (45)
and finally:
,r(g-r—-gb).’ﬂf ooz —‘_ {-LR-\" L X RT
. PR A+ - A% L1 -(b"l-\ L‘l.l ~+ “!j)cﬂ-ﬂj .“ -‘1'3)
+ (2T "'Cb;‘]q * QT ¢, ,\-I) (rt =t =Ty \)]
Qr~¢,)@l§".. - —‘-——[(QT-- . - ..
[( . MLy T 448¢ ) ‘4’4..1 *QTcd—l = 4>i,3-|)(—‘rh.\ ’ﬂ.i.j -n)
+ (QTC".S - 436-'-'1 AAFERE ‘¢>C-l,i-')(“é-uj -‘T;--,j-.)l , (46)

On the boundaries we write in the u equations, using the condition 7, (w¢). ¢ -
! /

TR, (T iy T i)
%(“‘#)L,ur = K‘Z TF;‘.A_‘#{.,.Q ““H,m#;-.,m),
[LO.T 4;)’-"“'\

. 5\7;5[( QT = bl YT, =iy, )T, - L |)
T.(QT~¢> %r_: Y i

= —1—0—— (Q.' i = ¢’uq + Q.rq NT.1 ‘¢.-| \A,)(m 1o Wea ’l)](47)
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Next we write:

(TP

(.,J

R T . - - .. ..
- (“‘01 4’".) +TT"|1-| 47\,‘\—! --'r‘-‘l,] ¢L-| ,.5 -Tri-“iq d);.-l,\ﬂ)/

Ry g
= Q.AS<1TL'\¢ |) F‘n— -"3¢ ‘!) Tr()l¢¢°-| —-Tl'L.H,..\b = 5_‘) (45)
and finally:
.rLQT-—4))?lr . \-_U-'LT
i K Ly = "\'AS Yy (bu_\ "‘d -+ -I,j)C‘T\._‘ "“f-\"))
+‘ (QT\."'\-\ -¢L) - % Q-TL-“]_'& [N )-l) (T"H-g - “J -\ ]
i - ..
[ler-&) Bl = S leamey —doy vama - i) Ty -7y )
+ (T g = Pl + WTeja ~bimtin ) (i =Tiai-i)], (46)

On the boundaries we write in the u equations, using the condition 3, (w¢). ¢ -
\ /

%—,\(ch) o Z‘;CWC‘I 472,. LN ¢’(...',) ,

;:;(“’4’)&,:: = BL;(W;||¢¢¢,:Q ’“I-l,m#’;-.,m))
(:(D.T 4))’”"'\

i .?-\-Z\s[( T = Pl *RT i, -47i"a' ) (e, ’“i-«.n)l /
T,(QT—tb) ’%'{ (] :

- —F LQ.' P |@ ¢'- 1.9 + Q.rw!.t& ~¢i-('ig)(m'|a_—n\:-l"l?;‘(47)
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These formulations ensure that no momentum is generated by
the diffusion terms.

The vertical diffusion and surface friction terms present no
problem as they only involve quantities defined at the same grid point.

Now we turn toegqs. V and VI:

The horizontal flux terms are written in the form:

O (T T v T Ren i Moy + T i) = Wi (T« Teayi)
+ Viin (T3 + Toga) -V (o + Te-0] (53)

With V/; = V. =0, this definition is valid also for the flux terms near
[}

the boundaries so that at j = 1 the fourth term is omitted, and at j = 14 the
third term is omitted.

For the vertical flux terms we first substitute for T

2 its value
from eq. IX, so that:
Lo @) nly = S +n}),
[2mee (DY), 5 (v + L\E)“':. T‘c,?) ) (54)

The third terms in eqs. V and VI present no problem and they are written

as:

T ?_ﬂ']‘ - n-T(.'.i AT, ., 55
[ p 1 v Cp (QT YWy ( ‘

with the definition of (%'?) 8 given by (38).

Special care must be taken with the remaining term, %P Ty On,

This term represents part of the energy transformation from potential energy



into kinetic energy. Thus if total energy is to be conserved, it should have
the same form as the corresponding term in the kinetic energy equation,
which is defined at a different grid point. To overcome this difficulty the
total energy is defined at the points where T is defined. The kinetic

energy 18 then calculated as an average of its values at the four surrounding

u points.

Thus the calculation of the terms RTy. QT proceeds in the
following way: first it is defined at the points where u is defined, by using
the definition of the terms [RT 2T} :; and [eT3T] i Ineas. I-VL

Next we define:
- n - .. Q_“_l
LQ'TU\ -’5‘{] W u‘d LQ'T aXdL§
AT
[aTv ’%‘-;] gy = ovijler ). (56)
Finally the value of this term at the points where T is defined

is calculated as an average of its values at the four surrounding u and v

points. This procedure presents no special problems near the boundaries as

RTv & = 0 ontheboundaries and AT u 3T has already

been defined there.

It remains now only to define the time differencing scheme.
For this purpose we use the definition of (Tu) & and (rv)e;
given by (48) and (51) and also define:

(rT)e; = Wiy Top (57)

For the time differencing the so-called Matsuno scheme is used in the

following way:

A
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Given the equation : %_’:. = (o, 2, oo, &) (58)

the first step is an ordinary forward difference scheme of the form:

™ Lo gt L At pLar a,t, ...,d,}) ) (59 )

-

and the second step is :

+4| X x 4+l w b4 x
X = xY =+ At ﬁ(d\ S PO ax ), (60)

The two equations (28) for <b'|.-'j and ¢ ?j are calculated at each point
f,
by:

'
$,
[2

1]

\ ! 3
gl lara) T+ (Rep) T ],

4,3 -;-[(Q.-d\)‘r‘.':_ + (n-Pp) 'T';‘J-'J . (61)

4y

"

The third of the equations (28) for 4>)' has already been used to transform
the last terms of the egqs. I - IV, so that 4:" does not appear explicitely
in the program.
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Analysis of results

Two integrations were performed. The integration not involving
release of latent heat will be referred to as Experiment I, and the experiment
in which water vapor is carried as Experiment II. In Experiment I the model
equations were integrated for a period of 37 days,. and the integration was dis-
continued when a quasi-steady state was attained and no new information could
be gained by prolonging the integration. Consequently emphasis will be placed

in the following on the conditions prevailing on the last days of the integration.

The early stages of development were characterized by a rapid
growth of the amylitude of the disturbance at both levels, similar to the develop-
nient cbserved .n the quasi-geostrophic model (Huss 1967) referred to above.

It is worth while nentioning that this growth stopped on the third day and a de-
crease in amplitude was observed between the third and seventh days (Fig. 1).
Afterwards the amplitudes started to grow again until they reached their steady
state value on about the 20th day. The temporary decrease in amplitude was
observed in all the experiments with the quasi~geostrophic model, though start-
ing at a later date, i.e. on the 12th day. It thus appears that a tendency towards
the development of an index cycle is observed in all experiments. This tendency,
however, is damped, in most cases, as the integration is continued. The reason
for this damping is not clear from the results. It might be due to the very crude
formulation of the surface friction and vertical diffusion terms, which were ex-
pected to have a damping effect. On the other hand it might also be due to the
finite difference formulation of the model equations, as some difference schemes

are known to have marked damping effects.

In the quasi-geostrophic experiment involving water vapor, a
marked index cycle developed, which was not damped until the end of the integ-
ration on the 67th day. Thus it seems that in the models strong differential

heating is required in order to maintain the index cycle and counteract the



damping effect, whatever its origin may be. In the present case the values of

the sensible heat flux in the south were lower than in the previous experiments

and thus the index cycle appears to have heen damped very fast.

In addition, the present model contains lateral eddy diffusion
terms, which have a damping effect and thus it was expected that more pro-
nounced differential heating would be required in order to maintain the index
cycle The values of the amplitudes of the geopotential waves reached towards
" the end of the integration were about half of the corresponding values obtained
in the quasi-geostrophic case. This result was expected and is a consequence

of the summer conditions imposed on the model.

The mean zonal wind distribution (Fig. 2) is characterized by
a maximum westerly flow at the upper level at the central latitude and easter-
lies at lower levels near the boundaries. However the intensity of the jet was
weaker than in the quasi-geostrophic model. The maximum value obtained was
about 25 m sec_l which is characteristic for summer conditions in the real
atmosphere. Summer conditions were obtained in the model by reducing the
surface temperature meridional gradients from 4. 5° per grid interval, in the
quasi-geostrophic case, to 40 per grid interval in the present case. This of
course leads to a much weaker thermal wind and thus to a weaker jet. Thus,
with a proper choice of the surface temperature gradient it is possible, even
with the crude heating function assumed in the model, to simulate either winter
or summer conditions at least as far as temperature and wind conditions are con-
cerned. One undesirable result was the appearance of stronger easterlies near
the northern boundary as compared with the belt of easterlies in the south. This
seems to be a result of the assumption of a constanl coriolis parameter, whereas
in the quasi-geostrophic case this strong restriction is partly offset by assuming
a non vanishing p term in the vorticity equation. This restriction is not an in-
herent aspect of the present model, as a variable coriolis parameter can easily

be introduced. In that respect the present results are only of a preliminary nature
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and a variable coriolis parameter will be introduced in future experiments.

A schematic presentation of Phe mean meridional circulation is
shown in Fig. 7. The qualitative picture agrees quite well with the one observed
in nature, with two direct cells in the northern and southern parts of the region
and an 1ndirect cell in the middle. The southern Hadley cell is of course too
small compared with the corresponding Hadley cell in the real atmosphere,

probably due to the .presence of a ""wall" as the southern boundary.

Its northern edge is situated at the right location at about 30°N
and the corresponding meridional and vertical wind speeds have the correct
magnitude, appropriate for summer conditions (Mintz and Lang 1955). The central
indirect cell is also too small in its latitudinal extent and its northern edge is
situated too far to the south, thus contributing to an incerease in the size of the
northern direct cell. This again seems to be a result of the assumption of a con-
stant coriolis parameter together with the restriction of the integration to a small
domain. Thus it appears that, with the shortcomings mentioned above, the summer-

time mean meridional circulation is reasonably well simulated by the model.

The mean zonal surface pressure is presented in Fig. 8. Again
as noted in the case of some other variables, the qualitative distribution is quite
realistic, Thus the tropical low pressure belt, the subtropical high pressure belt,
the low of the mid latitudes and the polar highs are simulated quite well in the
correct latitudes. However, the pressure difference between the low and high
pressure belts is too large, if compared to conditions prevailing in the northern hemi-
sphere and too small {f compared to those in the southern hemisphere. In the
northern hemisphere of the real atmosphere the pressure distribution is very
much affected by the ocean continent contrasts, as most of the land masses are
concentrated there. This effect is smoothed out when zonal averages are computed,
making the mean meridional pressure gradients much smaller than those of the

southern hemisphere.
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It should be noted here that the initial surface pressure was
chosen to correspond to the mean pressure at sea level observed in the atmo-
sphere. With the exclusion of the mountians in the mode! this means that the
model contains more mass than the real atmosphere. This is expected to lead
to exaggerated values for the fluxes of momenturn, heat and water vapor. One
way of overcoming this diifficulty is by assuming an initial surface pressure
corresponding to the real mass of the atmosphere as done by Smagorinsky

(1965). However, this was not done in tne present experiments.

The variation with time of the total kinetic energy is given in
Fig. 5. As with the amplitude of the geopotentials, traces of an index cycle
--are observed at the early stages of the integration. Starting on the 15th day
a constant decrease of kinetic energy is observed, lasting until the end of the
integration. As mentioned above, an instantaneous heat balance was imposed
on the model, so that there was no net heating or cooling of the whole atmo-
sphere. The energy losses due to surface friction and vertical and lateral dif-
fusion could not be replenished from any other sources. It was thus expected
that the total energy in the model would decrease with time, thus limiting the
validity of the prediction for a long period. The observed decrease in kinetic
energy from the 15th to the 37th day was about 100 Kj. m.2 which was about
4% of the total kinetic energy. This again motivated the decision to discontinue
“the integration before this effect became too serious The total kinetic energy
at the end of the integration was about 2200 Kj m_z. This value is somewhat
higher than the average values obtained by Qort (1964) but lies within the limits
of error quoted in his paper. This high value could be explained by the fact that
we had too much mass in the model and these high values were obtained even

though the wind velocities were quite realistic

Fvidence of the daniping of the index cycle is most clearly obser-

ved in the values of the transformation of potential energy into kinetic energy,
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as a function of time (Fig. 4). A series of oscillations is observed with a period
ol about 7 days, and a decreasing amplitude as the integration preoceeds, until
total damping of the oscillation takes place at the end of the experiment. The
value of the [¢, x| transformation onthe last day was about 130 Kj. m"2 day-l.
which is smualler by a factor of two as compared with the value presented by Oort
(1964). The kinetic energy losses due tc lateral eddy diffusion were rather low,
and never exceeded 15 Kj. m_2 day—l.

A comparison of the kinetic energy changes computed from values
on two consecutive days, with the energy changes computed from the energy trans-
formations, reveals a difference of the order of 10 Kj. m-zday_l, With the care
taken in the model to ensure conservation of energy, it was concluded that this
difference could be attributed only to the deficiency (from the point of view of
energy conservation) of the time scheme employed in the model. Inspecting the
daily energy changes in the model we ohserve that this fictitious energy loss ac-
counts for about 10% of the change. The cumulative effects might thus be quite
serious, in the long run. Combining the kinetic energy losses due to all three

effects, we obtain a value of 155 Kj. m-'zd:a.y-1 for the total kinetic energy sink,
as compared to a value of about 200 Kj. m-2da.y_1 obtained by Oort.

We thus conclude that the energy cycle obtained in the model was
somewhat too weak, a fact which is consistent with the damping effect observed.
The dominant kinetic energy losses were caused by the surface friction and the
vertical eddy diffusion. The losses due to lateral diffusion were an order of mag-
nitude smaller. This differs markedly from the results obtained by Smagorinsky
{1965) where the lateral diffusion accounted for a loss of about twice as much
as the vertical diffusion. Oorts results do not give seperate values for these
two ecffects for the atmosphere so it could not be decided which of the results is
closer to reality, though from the results given by Phillips (1956), it appears

that both effects should have the same order of magnitude.
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Next we turn our attention to the heat balance components (¥ig. 6j.
The net heating had a marked maximum at j = 3 with a value of ahout 0.1 Kj m—?‘
sec ~ and a minimum at j =12 with a value of about-0. 08 Kj m-2 sec-l. Qual-
itatively this agrees quite well with the distribution given by Rasool and Prabhakara
(1965), for the summer season in both hemispheres. The maximum heating in
August in the northern hemisphere is located at about 15°N with a value of about

0.15 Kj m“2 secul; Our maximum thus lies too far to the north and the valuos are

“somewhat too low. The minimum on the other hand is located too far south. This

seems to be a result of the choice of a too small domain and the effect of the "walls".

~ The gradients of differential heating obtained are thus quite realistic, which is

surprising with the simple heating function employed in the model. The southern
"wall" however seems to arrest the heating processes there: and thus in the south-
ern part of the region the gradients of heating are exaggerated as there is almost
no heating near the boundary. As a result of this the total excess of heating in the
southern region over the northern region is much too low and consequently the
heat transport to the north is also too small. The present experiment carries no
water vapor, which is expected to account for a large part ot the heating in the
south and thus we conclude that the inclusion of this process is essential for a

correct distribution of heat sources and sinks in the model.

The radiational losses obtained were rather low compared with
values obtained by Astling and Horn (1964), from Tiros Il measurements. The
satellite data contained of course the total outgoing long wave radiation and thus
included also that part coming from the lower surface through the atmospheric
"'window'. Nevertheless the low values obtained in the model have a marked effect
on the distribution of the heating with height, making the lower level heating at least
an order of magnitude stronger than the upper level heating. This is in contrast to
the previous model where the heating was distributed evenly in the column. The

situation in the atmosphere probably lies between these two extremes.
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Inspecting the poleward flux of zonal momentum at both levels
the following distribution is observed: strong poleward fluxes appear at the upper
level in the southern part of the region, with a maximum value of 8.9 m2 sec"2

at j=6. Maximum southward fluxes at the upper level with a value of 13.9m 2

sec_2 were observed at j = 10. These values are low, compared to the summer
values obtained by Holopainen (1967). The northern maximum is situated too far
south as a result of the southward shift of the edge of the central indirect merid-

ional cell, commented on above.

The mean zonal poleward heat transport, on the other hand, shows
a better qualitative agreement with the situation in the real atmosphere, as pre-
sented by Rasool and Prabhakara (1965). Thus a small region of southward fluxes
appears near the southern boundary, at j =1 and 2. Further north, northward
fluxes prevail, reaching a maximum value at j = 7 and then decreasing until
southward fluxes are encountered again at j = 15. The values presented in the
paper referred to above, were computed for latitude circles, so that with the
different length of each latitude circle in the atmosphere, as compared to our
planar zonal sirip, actual comparison of values is difficult. As the upper level
temperatures obtained in the model are somewhat too high and the meridional wind
components have the right magnitude, it appears that the values obtained for the

poleward flux of heat are somewhat too high.

Experiment II

The second experiment, with the model including a water vapor
cycle and release of latent heat, was continued for a period of 32 days. As before,
a quasi-steady state was attained and further integration seemed pointless. As it
is desired to assess the influence of the releaseoflatent heat on the devslopment of
the circulation patterns, the water-vapor budget will be discussed first and the

discussion of synoptic manifestation will follow later.



The choice of a smaller meridional gradient of the sea surface
temperatures led of course to lower air temperatures in the southern parvt
of the region, as compared with the previous model. Consequently the water
vapor in the south, where most of the humidity is expected to be concentrated,
was much lower in the present cage. For example, the amount of preceipit-
able water per unit column at j =1 was about 37 mm in the pres nt case. as
‘compared to 47 mm at the same latitude in the previous model. This, of
course, had a marked effect on the precipitation and evaporation in the south
_The distribution with latitude of the mean zonal relative humidity, on the other
hand, was similar to that obtained in the previous experiments. (Fig. 9). Thus
a maximum in the relative humidity appeared at the southern boundary, a
minimum at j = 5 and a second maximum cloce tothe northern boundary of the

regicn.

As in the previous model, the meridional gradient of relative
humidity was exaggerated, 2s the relative humidities in the south and in the
north were too high, and the relative humidity in the dry belt was too low,

compared to the values presented by Haurwitz and Austin (1944)

Thus it seems that the shortcomings of the humidity distribution
in the present experiment result from too low temperatures in the south. This
can easily be corrected in future experiments designed to simulate summer
conditions by assuming a higher average sea surface temperature, while re-
taining the same meridional gradients. This will not change the initial gradients
of the geopotentials, and the same initial wind distribution will also be retained,
while, on the other hand higher values for the specific humidity will be obtained
throughout the region.

The ingpection of the zonally averaged distribution of the precip-
itation and evaporation amounts reveals the same shortcomings. While the

qualitative distribtution is essentially correct, with two precipitation wmaxima,
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one at the southern wall and the other somewhat to the north of the central
latitude and an evaporation maximum at j = 3 - the total amounts are much
too low. Moreover, the southern maximum in precipitation is lower than

the mid-latitude maximum, contrary to the situation in the atmosphere, where
the tropical maximum is dominant, especially during summer. The same
effect was observed also in the previous model and is due to the presence of

the southern boundary wall and to the "exclusion of the tropical regions.

The excess of precipitation over evaporation, which determines
in the real atmosphere the net release of latent heat, has in the model 2 max-
imum positive value at about j =11 and a maximum negative value at j = 3.
In the model, however, this variable does not determine the net release of
latent heat, as it was assumed that the amount of heat needed for evaporation
is drawn from the ocean, which is assumed to have an infinite heat capacity,
and not from the atmosphere. Therefore the net release of latent heat is always
positive in the model. This agrees with the results obtained by Rasool and
Prabhakara (1965) for the summer season in both hemispheres. In the atmo-
sphere this means that there exists an appreciable transport of latent heat
between the two hemispheres, an effect which cannot be in a model simulating

only a part of one hemisphere.

In conclusion it may be stated that though the qualitative distri-
bution of the elements of the water vapor cycle was simulated quite well, the
various mechmisms were underestimated. Consequently, it should be ex-
pected that the total effect of the release of latent heat on the circulation pat-

tern in the model would not be very marked.

Bearing this result in mind, we now turn our attention to the

synoptic manife *~tions.

The mean zonal flow onthe last day of the integration is pre-

sented in Fig. 3. The only difference from the result of experiment I is
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the appearance of stronger easterlies in the north and weaker (almost vanish-

ing) easterlies in the south. This nndesirakie feature is even move pronounced
in the present experiment. It is thus conciuded that a variable coriolis para-
meter is essential for obtaining more realistic circulation patterns, even in
models not containing tropical regions. This could be seen even in some ex-
periments with the quasi-geostrophic model where the (5 term has been drop-

ped (Huss 1964).

The rate of growth of the amplitudes of the geopotential distur-

bance (Fig. 1), on the other hand, became much more rapid when precipitation

_strated on the fifth day. Thus a value of about 130 g. p. m. was reached at the

upper level on the tenth day, as compared to a value of 100 g. p. m. on the same
day in the previous experiment. The amplitude remained higher in the present
experiment during the whole period of integration - although at the end of the
period the difference was not very marked and amounted only to about 10 g.p. m.
at the upper level. The damping of the index cycle also proceeded at a some-
what slower rate, supporting our contention that stronger heating might sustain

the index cycle.

Evidence of a slower damping is observed also in the changes
with time of the total kinetic energy (Fig. 5) At the early stuges a marked
increase in the kinetic energy was observed right after precipitation started,
and at least three appreciable oscillations were observed before total damping
took place and the energy started to decrease continuously, as it did in the pre-
vious experiment. The period of oscillation remained the same, i.e. about 7

days.

The energy cycle on the other hand was much more vionounced
than in experiment I. Thus a very rapid increase in both the [, \Al trans-
formation and the [V £ transformation was ohserved after the start of precip-

itation. The [ p ]} transformation reached a value of about 140 Kj m_2 day~1 on
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the third day as ¢ '‘mpared to a value of about 90 Kj m-2 day—1 on the same day
in experiment 1. The 'LP.L:] transformatiqn oscillated between high and low
values until the end of the integration, with a larger amplitude than in experi-
ment I However, the oscillations were still very weak and are hardly char-
acteristic of the index cycle osciilations observed in nature. The average value
of the transformation of potential into kinetic energy was about 160 Kj m_2day-1'
This value is stili suucwhat too low, compared with the values presented by
Oort (1964). It might thus be concluded that a more realistic distribution of the
water vapor cycle elements would have an even greater effect toward increas-

ing the energy cycle elements and would bring them closer to the observed values

An inspection of the heat balance components (Fig. o) reveals that
the net heating in the southern part of the region was almost the same as in
experiment I, and the only effect of the release of latent heat there was to some-
what reduce the gradients of differential heating. In the northern rcgivns where
the precipitation maximum was located, the effect was more pronounced. The
release of latent heat in the north resulted in the direct heating of the lower level
As a result the temperature difference between the atmosphere and ocean sur-=
face increased, leading to higher values of cooling due to the sensible heat ilux

from the atmosphere into the ocean. Thus the net result of the relesse ot latent

. heat in the north was to increase the net cooling, instead of reducing it. The

maximum value of net cooling was about 0.13 Kj m-2 sec as compared to a -
value of about 0. 08 Kj m.zsec-l obtained in experiment I. As the amount of
heating in the south was the same in both experiments we conclude that the dif-
ferential heating was larger in the present experiment, a fact whici accounts

for the higher amplitudes observed and the slower damping of the index cycle.

The surface pressure distribution was also qualitatively the same
as in the first experiment, with the low and high pressure belts located at the

same latitudes. The meridional gradients of the surface pressu.¢. however.
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were somewhat larger than in the first experiment. The distribution was ttus

ot don dadauduby sbd i,

closer to the situation in the southern hemisphere, so that as far as surface
pressure is concerned the inclusion of the hydrologic cycle leads to an

improvement.
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CONC LUSION

Reviewing the reaults of thg last two experiments, as compareoed
with the results of the experiments with the quasi-geostrophic model, the

following conciusions may be drawn:

The main qualitative features of the general circulation were
simulated quite well in all experiments. These features include the meridion-
al circulation consisting of three cells, the central jet stream, and tL: more
or less adequately simulated mean zonal flow. In fact, these features werc
obtained in some models even without the introduction of diabatic heating. On
the other hand, it has to be remembered that the initial distributions of the
geopotential and temperature fields were already quite close to tt . observed
dhstributions, at least as far as zonal averages are concerned. It thus seems
that' the maintenance of the general circulation, at least for relatively short
periods, is not very much influenced by the heating function employed. On
the other hand the generation of the features mentioned above, starting from
an isothermal atmosphere at rest, would depend very much on the heating,.
We thus conclude that even a simple model with a simple heating function
might be useful for certain purposes. For example, such a model might be
used to get a rough estimate for the concentration with latitude of radioactive
fallout trom an atomic explosion. For predictions of changes in the general
circulation, such as the index cycle or the seasonal variations, it appears
that the inclusion: of a realistic heating function is essential. In that respect
it seems that the inclusion of the hydrologic cycle goes quite a way towards
making the heating function more realistic. In addition it provides useful

information about large scale precipitation areas..

One essential factor left out in the experiment was the ocean-
continent contrast. This factor must be included in actual forecasts of changes
in the general circulation as the zonal distributions of the various field vari-

ables affecting the weather were of course not simulated at all by our models.
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Fig. 1. Amplitude of first harmonic of geopotential at
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Fig. 2. Mean 2cnal flow on 36th day. Expecriment 1




- 46 -
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Fig. 3. Mean zonal flow on 32nd day. Experiment II

|

Mtk il sl el




Fig.

- 47 -

AREA AVERAGED KINETIC ENERGY TRANSFORMATIONS IN kj m?day '
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AREA AVERAGED KINETIC ENERGY PER UNIT COLUMN IN kj m-2
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Fig., 5. Area averaged kinetic energy. Experiments] and II
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ZONALLY AVERAGED HEAT SALANCE COMPONENTS ’
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Fig. 6. Heat balance components. Experiments I and II




IR S L e e

S itk ial

TYSRTITS" SEN(TITT™ TSN

I

SCHEMATIC MERIDIONAL CIRCULATION ON 32N0 paAY
RUN WITHOUT WATER VAPOR

LU S S SN NS B R B SR E M s mn [0
N W4
{112
S NN TON U SN G SUUNN N SR SE SN N 1
15 B 1
LATITUDE
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MEAN ZONAL RELATIVE HUMIDITY IN % ON 32M0 DAY
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Fig. 9. Mean zonal relative humidity. Experiment II
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INCLUSION OF LATERAL VISCOSITY
AND THE APPLICATION OF A MATSUNO SCHEME
IN A TWO LEVEL MODEL OF THE
GENERAL CIRCULATION OF THE ATMOSPHERE

by

A. HUSS and M. NAVON

Abstract

Equations of a two level quasi-hydrostatic and quasi-
geostrophic model, have been numerically integrated in order

to study the ewvolution of general circulatim patterns.

A lateral friction term was included in a model whose

main festures are described by Huss (1967).

The eddy viscosity coefficient was assumed to be cons-
tunt. Two different integrations were performed. The first one
involving an integration of 42 days was based on a model which

did not include water vapor.

In the second experiment which was integrated for 65 days
a humidity distribution was introduced and the lateral friction

term was also included.

The calculated distributions of the field variables were
compared with the results dﬁtained in the 1967 report mentioned
above and with actual distributions based on real data. In both
the experiments a considerable smoothing of the var’ us field
variables was obtained and considerable differences were observed,

compared to the previous experiments.
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In the second experiment the smoothing destroyed the

nronounced index cycle which appearéd in a previous experime:t.

In the third experiment, the Matsuno time differencing
scheme w3 introduced instead of the leap-frog scheme, while

no lateral friction was included.

The numerical integration was carried for 62 days. A
smoothing, similar to that obtained in the first two experiment:
vas observed, but with a more realistic distribution of the

#ield variables.
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INTRODUCTION

a) The Lateral I‘'riction Term

Derining an eddy as a parcel of atmospheric air capable
of retalning some measure of individuality and moving as a
éepurate ehtity in the surrounding fluld - we shall take the
eddy instead of the molecule as the fundamental part - so
that entities such as eddy-viscosity or eddy-conductivity
will be the macroscopic counterpart of the molecular viscosity

and conductivity.

It is obvious that any finite-difference descriotion
cannot describe expnlicitly those scales of motions which are

too small ccmpared to the grid size.

The energy in the numerical models tends to accumulate
in the shorter wave range since it cannot cascade to sufficliently

small scales and dlssipate by molecular viscosity.

Eddy diffusion terms are thus used in order to keep
the energy of the short waves small - and to prevent compu~-

tational instability.

Under the influence of the lateral eddy diffusion the
shorter the wavelength of the perturbation, the more pronounced

is the smcothing effect.

Yet the shortcoming of such procedures is that, when

LRI
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integrations are made with lateral friction terms ~ solutions
appear to be too smooth if large enough diffusion coefficients

are employed to give computational stability and to filter

small scale perturbations.

b) Review of numerical values adopted for the lateral friction

coefficient

Approximating the turbulent stress terms after Boussinesqg

(1877) by analogy with viscous stresses we obtain:

o kDY . _yt. k28
-uv-Kax ; TAT Kax
( )denoting averaging, u, v being components of velocity
in the horizontal plane and K defined as the lateral friction
coefficient. Very little is known about the value of X. Most
authors assumec K to be a constant; others allow it to vary
with time, height etc. |
Defant (1921) in discussing his "large Austausch process"

found: _
v 2 -t
K= Av= 8710 cm- sec
Richardson (1926) found an empirical law appropriate
for estimating the dispersion of clusters in the atmosphere.
This involved an eddy diffusion coefficlient depending on the

size of the eddies (or cluiters):

43
K = 0.2 l/
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i"or instance, i1 we take 1 to be equal to the grid spacing
adopted in our model :

s Ax = 400 Km. = 410 em

w2 obtain :

28/3 g -t 52
K = 0,:" '4! /0 = 0,8: /0?/01/3':‘_: /.7:!/0 CM?.SEC :/.7-/0 ” - SeC

Since the first formulation, Richardson's law received some
tmcoretical justification frcom Kolmogoroff's similarity
.ypothesis and Datchelor (1950)'s work.
Lelti. (1961), in a genera). circulation experiment, took
6 2 ~f
o value of K=/ m" sec and carried his experiment

for gseven monthse.

Malkus and Witt (1959) used Richardson's relation for

2 -
o2 small scale convection experiment with K= 0,5 m- sec ! .

Smagorinsky (1958) uses an eddy diffusion coefficient
varying with space and time of the form:

K = (k1)°CD], Xk = -[1— 1 = grid spacing

[0] = two dimensional deformation tensor.

¥ increases for smaller scale variations and for larger velocity

amolitudes. He Justified the choice of such a coefficient by

similarity considerations applied to wind tunnel experiments.

Lilly (1962) used a similar coefficient, which also

daepended on static stabllity.

In a numerical experiment dealing with diffusion and
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fallout of stratospheric radioactive materials Davidson,
Friend and Seitz (1566, Tellus) used:
A= K:‘ = K= 3.00%cm” sec’s 3.00°m" sec!
Phillips in his well known general circulation experi-
ment (1956) took A = 10° m?/sec, Hatsumoto (1960) in a 5 level
geostrophic model assumed the same value.

Machta (1955) assuming Fickian diffusion of the dust
cloud of radiocactive debris from atomic explosions found:

K=A= 05:0°msec’

On the other hand Sutton, (1953) and Priestly by assuming

turbulent regimes (free and Torced convection) arrive at

6

values of K = 107 =~ 10& cm2 sec—1 and the same value results

from Taylor's statistical considerations.

Koo-Tchen-Chao shows an eguivalence hetween the smoothing
method defined by: Z“ =3+ % V?Z’
and the introduction of the lateral eddy viscosity tern,
Z - being the relative vorticity, <V2— finite daifference

Laplacian ) k =~ the smoothing coefficient.

He obtained:
At - the time step
£ - ALt
= AS - the grid spacing

A. - the eddy viscosity
coeflicient
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Do8s (1955) assumed A = 7.108 cmzsed_1 . When

AS = 300 xm At = 24 hr k=1,

Sizrypgprsen assumed A = 2.1010 cm2sec-1

As = 500 im Nt

12 hr and thus k = %

Jith At =1 hr, k = 1/13 As = 300 km we get

5.109 cm®sec 1.

i

“rom the above relation: A

In an asymptotic development of the diffusion in the

Ekman Layer, Csanady (1969) obtained a formula which gives

an eddy diffusion coefficient of 10°m2gec™ 1. His formula is:

2 2 £ 2 - i =4 -1
LT Ug . 0746 o /- Ug= /5m.sec. 4= 10 sec.
Kﬂ__é___._fz.____.uj = 10 m osee ) j J

It is now generally accepted that A varles between

1 1

2 and 10° emsec”t.

102 em@sec”

Governin;: equations

The model's equations and the boundary conditions will

refer to the 0,250, 500, 750 and 1000 mb levels which will be

"denoted by subsecripts 0,1,2,3,4 resnectively.

The quasi-geostrophic assumption is implied. The basic
dependent varlables are the stream function at the two levels
250 mb and 750 rb, denoted q& , and Vi - Because of the
quasi-geostrophic assumptions they are related to the geo-
potential by means of

(1) \yz—ﬁ-

m
for mean-coriolis parmneter = j;l.
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“yrom the stream-functions, thc

vclocities 1s obtained:

\2'7=i*V\y

The vorticity Z' is given by:

The continuity equation is:

)
2 VV=-3=
(2) ap
) . vertical p- velocity.

non-divercent component ol

it

unit veetor
along p-axis

horizontal del
operator on a

pressure surieo.

surface

fheooush the hydrostatic relation T can be obtained fron

the stream-function:

(3) 22 =~ BTy 2¢

2p B TJm -’b/:

]

sas constunt

The 2 prognostic equations are written in terms of potentinl

vorticities, denoted ay and q3.

"he thermodynamic enerpgy equatione cun be written:

() ’é—é‘Z""’T" —r?}f‘ﬂ“\yv

G - potential temperature,

2n G

o

H - the heat added to unit mass in unit time,

C% - gpecific heat at constant pressure.



The static stability

(5) Cﬂ-__é_ .Jliaji
P 2P
1s assumed to be a function of pressure only,

Dividing (4) by Jﬂn and introducing (5) and (3) we obtain:

2 Yy, wC R
(6) 5 2%+ Vv L e A ak

Introducing a finite difference approximation of g%? by
centred differences between /b' and b, and multiplying by P, we

obtain

) Ry Vol e o By,

H2 is now separated into a general adiabatic term H2a and a

term due to diffusion:

(8) Hp = Hpq +Hpg
with
(9)  Hy = E%'{m ATV?Y’/“V{;),

where A, is the lateral eddy diffusion coefficient for
sensible heatj thus sz is proportional to the l.aplacian

of the temperature at 500 mbs.

Equation (7) assumes the form:
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(10) 5 (Y )7 (9= )+ L2820 R Wy iBov Ty, -s)

In the equations of motion both surface friction and lateral

vigcosity are incorporated.

The frictional stress T( due to the presence of a lower

boundary, is assumed to vary according to:
(11) T =C(pt. v

‘\Tith:
) C :-Lé
(12)  C(p) x3

Thus the vorticity equations at the two levels py and )

will be:

(13) g%’=~%-\7}:-‘4/5+fm(375’, 7 ('ac)z}-'f"ﬂ"vzﬁ"i
S -N55% P (3R), -3 (5, 547 A 35

Av -~ lateral eddy viscosity coefficient.

[5 - mean Rossby parameter - 1.6 X 1011 p1 sec™t,

C? - acceleration of gravity — 9.81 m sec'z.

The vertical velocities in (13) are eliminated by substituting
centered differences for 23% with the assumption of the

boundary conditions &J, = &, =0 and substituting

for &), from the thermodynamic energy equation :

2
(14y W= G, ;2 [’é%’(% "Ws)*\év(%’%)-%ya-&v(%'%)_] ,
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We assume:

(15) A, = A_,_=/05m?.sec—l.

Thus, we obtain the final form of the prognostlic equations

in terms of Q4 and q3:
AT aqi ( )7,, +AV7,
:'%‘Vy.g—‘ép'jim(‘%ﬁ)‘s}g'f-jmya 'I'ﬂV273

(16)

?459 ?:p?

with

A ot = ) 26410 02
A:-&h / vm

(17) 9, =23, ->(Yi-¥5)
9522t MY %s) . 4

%

In deriving (15) and (16) we assumed
\y ,é»Vi

co se‘:f ‘7(y4 y%) \y'c7/y4 y% (9Z yg)

"{b) The diabatic heating due to influx of sensible heat from

the bottom of the region.

The diabatic heating in the model is exactly the same
as assumed by Huss (1967).

The amount of heat entering unit column through its lower

boundary situated at 1000 mb, Qs is made proportional to



the temperature difference between the surface and the

air just above, and to the pgeostrovhic wind:

(18) @ =Adw (T3 -T,)

Teg - the prescribed surface temperature
By - air temperature at 1000mwb
’Qzl— 41000 1ib wind spced
A - a constant,
Tg - is constant with time and T4 was extrapolated from the

temperature at the 500 rib level.

- Im -
(19) 7—2'—‘2(61;3-2'7/9/) (L//l %)

Assuning a standard atmosphere lapse-rate between the

500 mb level and the lover boundary:

VL ) LT
(20) T:ﬂ(ﬁ) = 1. 2
Similarly wve obtain the ztream function at 1000 mb level
' ' S
(203) KfIL/:Y/3 - 9, 17x10 T2

and the geostrophlic suriace winds

VY,

¥rom (18) , (20), (20h) we obtain the value of Qs. Assuming

(20b) |%| -

R to be evenly and distributed throughout the whole

column of air:

(21) H25=H5=)é'&4'@5



Release of latent heat was introduccd in the second experiment,
The net outsgoin;; radiation wvas assumcd to be constant over the
whole region and sn instantaneous heat balance was maintained

at each moment oi the integration's time. In the first experiment,
due to the syicotry features of the initiasl comditions and

the siructure of the model, this rcsulted in zero net out-

goin:: radiation. In the sccond expcriment, due to the
introduction of the humidity field and the release of latent
heat, the synuictry was lost and the outgoing radiation did

not vanish.

DEVELOPYENT OF THE W EQUATION TAKING INTO ACCOUNT
THE EFFECTS OF LATERAL EDDY VISCOSITY AND THE

LATERAL EDDY DIFFUSION COEFFICIENT FOR HEAT

Je obtain by substrvacting 15 (b) from 16 (a)

22) B-(9,-93) 30 9) 1 (¥s.95)-P(-%)-7n B V- GEAIT ¥4
32—2‘3'”2 Hv/g, ~2s)

vhich may be rewritten in the form

(23) 55V (H -%)-2*%(%-%) =J(7~%)—g(zu%)-,ﬁ(w,-.,)—
_jé 19('.) (?alb)] % //2 +”V71 nV?;

Substituting for 2>"§t—( v, - y{,) from the thermo-

dyasmic encrgy equation, i.e. £o. 10:
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57 V(1) 2270 ) B e BARM, o

B+ 2RV - ) 5 1) 2095 )= p (V-5 ) -

- 2Ly _saC 2, _2xR 2 2
jffn[(?ﬁ)’_ (a/b).’»]v% f CP 2Q+H72,—H773
Taking the Lanlacian of kq. 10 ylelda:

(es) 3 U 95)= T (. 96)+ 2 T I

vzléq+ Hvz/ 5 ;3)

Sﬁbtracting (25)from(2L) ve obtain:
(26) J= 2;9(% W )+2Ac'/>2a12+ QAHVQ(%—%)+J/7,, %)—

2Cy _/aC 2 2
335 1)~ P48~ En (SR (55),]7 s + AV 9, -
2 2 G 2 R 2 2 2
= AV sV, 1) S V- S Ve A5 Av s,
It is easily seen that the terms involving A cancel

each other.

Thus, the effects of lateral eddy viscosity and lateral
eddy diffusion of heat do not chanse the (0 -equation,
provided we ascume thot the coefficients are equal:
5 2 4
AV-AT—A"IO m. sec. .

Thus, we obtain the W-equation in the form:
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(27)

v - 2a = 220 [ Q0. 1) F (1 16) PRI PG (Ve )

() 7o e g )

A sindil:z oz -ression was used by atsumoto (1950) in

Lis 5-level iuasi-reostroohic model.
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Boundary conditions and initial conditions

The region ot intecsration extends from x =0 to x = £
and from y =0 to ¥y =X . 'The following averages are
defined:

— y
~Yy.4 (] : )=4[C e
( )'xj{ )d"‘J( —J()J
o o
The following boundary conditions were applied in the two
experiments:
Cyclical continuity of field variables in the x-direction,

j.e. if ol denotecs a variable:
(26) oL (x) =L (0)

VN = VS =0 , S and I being the southern and northern
boundaries respectively. ith our geostrophic assumption,

the stream function will, therefore, be constant along each

of the boundaries.

P~

<—'§—) (25,)

U‘ll

In order to obtain a single valued solution, a single
value of the stream-function at some grid point is apecified

arbitrarily (conditions (30)and (31) have to be modified in
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a Cinite differcnce formulation to ensure conservation of
potential vorticity at each level). The addition of the
lateral {riction term does not interfere in the conser-

vation of potential vorticity at each level.

X,y
2
ot : dxdy =
(;)2,; Agjv /,3
[[7g1s axdly
According to (17) und the boundary conditions (28)and(29):

j!?%+ﬂgdx4y=0

Thus the total potential vorticity must be conserved, and

—
U
N
e

carc nwust be taken that this condition be satisfied in the
finite difference formulation, In the lateral friction
term the conventional 4 point Laplacian was used at all
internal points.

On the boundaries we write:

. |
(3t) —24— 7¢',0:(21';)_.2 (74',1 -?0)) é—fi,z ”(A—?)-Z (qt'—?i,z-/)

The remaining terms were approximated by finite di{ference
schemes as described in the report mentioned above. Thus the
scheme for calculating the new values of the potential vor-

ticity on the boundarics becomes:

(35)
+H(Z%z(?£,4"7a)

L 95 Gia(47) j‘mg,f(z;? (Pox=Yeer)¥ ‘A,‘Z; jfc,,
+ A a0 9i00)

£ 5 0e7E Teolp D) Ts o (Viam) 5 775 o

+
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Initial conditions

The prescribed surface temperature, consgtant with time,
varies lincarly in the y direction with a gradient of u.BO
per grid interval. The temperature vas assumed to be constant

along the =x direction, and had a value of 27.° K at tie

centrel latitude. Initially Tg = T4 and from the prescribed
surface temperatures the initial temperature at 500 nmb was
obtained as descrived above. The stream function at 1000 md
fs initially assumed to vanish. From (20a) we obtain HP3 and

from (19) we obtain HU‘ .

An identical perturbation is superimposed con the zonal
distribtution obteined in this way both at j<p and at p3,
heving sinusoidal shape with a wavelengtn of 6216 ¥m in the
x-direction und an amplitude of 8.6x105m2/sec at the central
latitude, decrcasing sinusoidally towards O at the southern
and northern boundaries. The numbers of grid points in both

x and y direction was 15, including boundary voints.

The grid spacing was QS = Y44 km, the time step being

At = 1 hour,

Energy transformations

An insight into the energetlcs of our system will be

provided by the energy trarsformations.
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sud sl dbiial stiaiil g

The area averages of the various energy components
will be denoted by X, K', P and P' respectively, lower

indices denoting the corresponding pressure levels,

It o is any field varisble (scalar or vector) we

_— z
will write: AL =l + oL

where ( })' denotcs the deviations from the zonal mean.

il

vie shall start with the vorticity eguation at the 250 mb

level {ithe procedure for the 750 mb level being identical).

2
(36) é—tl -V 3,V pr fm - 9%, (95\ }4*”771.

Lol

T

Averaging zonally we obtain:

o~ —— E

23 _ 7 /
(37) &Z-_\)Q.V;, /—"a —Uqﬁm( )}4+ﬂv 3 3

The term = VIP vanishes because ¢l the geostrophic approx-

imation end cyeclical continuity.

ol o o il

~7
By multiplying (37) by y& and integrating the prcduct
over the total avea of the rresasure surface, we ootain the

rate of change of the Xinetic energy of the zonal flow.

Only the laterel friction term will be treated here,

other terms having already been treated in a previous rorart,

The term resulting from lateral viscosity is;

(30) Alf§v°3,do= AL a(;)
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where L, is the domain's length in the x direction.

Integrating Ly parts, and applying the boundary condition,

this term becomes
(39) —Aﬁ,adG
Thus, including ull terms:
2

21«:-'\;37’@7 m—;-‘:—_ “a:’v'v._::a
(L0) 3_5_2“‘1-1 -—-u,,-éy{d,v,)n %;Y/ <, é”ém(’ap),ululf H;.

and the rate of change of the kinetic energy of the zonal flow

in ~ pressure interval of deb becomes:

~— ==
(4 )= L=

9 —
s Ki= XRL

l‘.)

RN

(1)

Ax s&]w

45 472
g Tg Ry
(26,05 55

And similarly at the 750 nb level:

(b2) =2¢ S“afj 3= 07 39{7.3

—i(g-‘luu -5—

p i3s3
If wve taxe the two levels to be represcntative of the
upper and lower half of the model atmosphere respectively,
the rate of change of the zonal kinetic energy will be given
by:

o)
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and thc corresponding average per unit pressure interval:
5 KY=L 2 (K, +K )
) (K )=5 5 (Ki*Ks

A similar procedure is employed to obtain the rate of change
of the zonally averaged potential energy. We begin by zonally

averaging the thermodynamic energy equatvion:

2 L o~
(55) 5-(§ - F) ==V, 5 (¥)- %)+°; 2w, + J, PP %—2(%- ¥s)

Multinlyiang it by (\I., - \7/;) and integrating over x and

y we obtain:
l S~~~ —N ~’ B —~ — -
(us)é?f 'Z'(%‘%)=V‘/{;5(UI-L )+£}i&2c.)a(w_%)*

+ Ko H, (%)~ A[a;,(% 7]

Multiplying by ?{%? g we obtain the

rate of chnange of the zonally averaged votential energy per

unit column:

P dm ' AT
(47) 5% :G{D P \V%(U, U )+-L—GJ {y’, Ys)f—c'.-éb—?y (y’, %)
m 2 17 ”
- A ci, 55(%-%)]
The vorticity equation for the eddies 1s obtained by subtract-
ing (36) from (37):

/

(ue) 9 :-\V.V{}l"'f) V;, iz.".__-—jﬂ ( )74’.,,47’27/,
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The rate of change of the mean kinetic energy of the
eddies is obtained by multiplying (48) by ' and integ-
rating the products over x and y. Tor the lateral eddy-
viscoslity term we have after intepration by parts, and ap~

plication of the boundary conditions:
o) Afy,'v's, ‘de=-A | ) de

Pinally we obtain:

2 ' 2 dv PR _a_ -
(50) 2t K, ot g _gi_ g 1oy ) ;pa‘f’fw
= #pm

(%), \77 - 2.6l

And similarly for the 750 mb level. As above:

(51) 2 K=£t 2-(K/ k)

" For deriving the rate of change of the potential energy of

the eddies, we subtract (45) from the energy equation:

(52) {;%{%'_ ‘f".;):"\»,s'v(%" %)"'“7,; V(&"zl‘%’)‘l‘ C_T_:%N_a_ +

X f} G Haat AV(%, - 1)

14
Multiplying (52) by (»l/, - ' ) and integrating we obtain:

2P/ o 2 =~ =~
(53) 2f - 991‘ Co P29 1(% %) ""37'%’!8‘_'%% (U,-Uy) +

R m 0 o=
CP G‘éaH?n.(y// %)-

4 4.2 T ¢
- v (v %) ]
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So that using Phillips’ notation (1956) we have the following

¢ransformations:
(54 [K K] =§£[ %7 2 (uv)+ Uy (u“]
PP =- ;-g'gw Vs (&,-1y)
K.F]= ~3ﬁ' & () — V)
K P = -?m
F.0] =--CE;C—-7,£—§H (9~ %)
PQT=- B e ol W)
KF] = pe#a[(39),4,8,4(35), &5, ]
K.F] = Pe4a[(3 C)\’V_T”:*‘(g;";"é%]
K.A] = —(71 SRR
K] = “ET"T?T“
E’-A: = [:'ag ¥ - ?3)2:]
PAl=Az R 3[:‘7(7" ‘Fs)]
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TS5 DEVFLOPUERT OF THE CIRCULATION

The first experiment to be denoted as Experiment I,
2ses not *ncluie water vapor, and is similar to Experiment
I by Huss (1967), except that lateral viscosity has been in-
2.uded. Like in the corresponding experiment mentioned sgbove,
the 4disturbance was found to grow initially at an exponential

-tv. Later on this growth ceased and the appearance of higher

rarmenics was observed.

In fig. (1) we observe the variations of the amplitudes
vf the {irst wave components of the stream function at the
central latitude, es a function of time. The amplitude of
the first component at both levels reached its first maximum
after about 13 days, the numerical value attaining 9.3 X 106m?/sec
et 250 mb, almost half the value obtained by Huss in the cor-
responding experiments, which was 1.7 X 107 m2 sec. As we
chall frequently refer to Huss' corresponding first ex-
ceriment we shall call it thereafter the "previous run",

without any other specification.
After reaching the maximum the amplitude decreased for

5 days, then continued to rise, reaching a second maxima at

the 25th day amounting to 1.42 X 107 m?/sec at the 250 mb level.

No pronounced‘oscillations as in the previous run were

sbgerved. After a minimum on the 27th day of 1.05 x 107 m2/sec
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at 250 mb and of 1.3 % 106 m2/sec at the 750 mb level, the

amplitudes continued to rise until the 35th day. Following
this date the amplitudes at both levele remained more or

7" m2/sec at the 250 mb level and

less stable with 2.65 x 10
6.4 x 106 mz/sec at 750 mb, retaining those values until
the ¢nd of the run on the 42nd day. Generally spesking the
1atest values attained seemed to be half the average values
~of the previous run during the corresponding stages. The

smoothing is due to the action of the lateral friction term,

now introduced.

Fig.(2) shows us the amplitudes of the odd harmonic
components of the disturbance at the central latitude of

the upper reference level.

The component with wave number (I) initially imposed
on the flow remains dominant throughout the run. Compared to
the previous run, a considerable smoothing is observed =~
in the amolitudes of the shorter waves. Still, the components
with odd wave numbers are much greater than those with even
wave numbers. On the 10th day only the 3rd component exceeds
104 mz/sec while the 5th has a value of about 102 m?/sec.

The 7th component reaches this value only on the 25th day.

On the 20th day the fundam:ntal wave (no. I) has a
minimun consisting of 6.4 X 106 m2/sec while the 3rd har-
monic, the value of 7 . 10° m?/sec, the 5th a value of
T7.5X% 10& m2/sec and the 7th a value of 5.5 X% 1O3 m2/sec.
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e Observe that they are one or two magnitudes smaller than
the fundamental wave. Thus, the noisec level was considerably
reduced and lowered in the present model coupared with the

previous run:

On the last day of the run the 31rd component attained

5 2 Ern 7 5.2
the value of 2X 10° m"/sec, the 5th 3.2 % 10° m“/scc and
i

the 7th 3 X 10 m2/sec.

Mig. 3 shows us the amplitudes of the various harmonic
comnonents of the disturbance with even wave nusbers at the

central latitude of the upper reference level.,

The amplitudes of the even harmonics never cexceeded the
value of 101’L m2 sec and the highe§t value in the run was
attained by the 2nd component on the 3hth day: U4 X 107 m2/sec.
The even harmonics, amplitudes were one or two magnitudes

smaller than the amplitudes of the corresponding odd com-

ponents.,

On the L42nd day, the 2nd harmonic attained 1.4 % 103m?/sec,
the Lth attained 7X10° m°/sec and the 6th L4 X 102 nm2/sec.

This indicates a drastic smoothing if we compare our
values to those of the previous run, thus confirming our
expectations as to the effect of the inclusion of the lateral

eddy viscosity tern.

The latitude pressure distribution of the poleward eddy
momentum transports is shown for 4 seleccted dnys in Tig. 6.
The values of u'vy' must be antisymuetricel around the

central latitude = therefore the polewurd flux vunishes there.



e T 40tk day the flax is consistently toward the
contral lztitude nt the 2 levels and at all latitudes. Ab-
sclute muximin values were of the order of 11.5 m2/seczcom-
pared to 20 /scc2 in the previous run for the corresvonding
period. v the 15th day maxima of 40 m2/sec2 were attained,

the hijiest values during the entire run

Cn this date zmall regions in the extreme South and

~orth were characterized by transports toward the poundaries.

On the 20th day the distribution of the fluxes was guite
iirffer-.t indicating a negative transoort in the south and
positive trunsports in the north. Thelr maximum magnituds
was 11.2 mz/secz. In small regions in the extreme north and
south, the flux was directcd away rom the boundaries in
opposlite direction of the bulk of the flux in each half of
the atmossnere., Such an ovpposite transport appearéd also in

the central region.

On tne 30th day the flu.ies dropped to smaller magnitudes
but the characteristic feature of positive transports in the

southern hall and negative ones in the northern half reappeared.

The maxima are 10.5 m2/sec2 at J = 10 at the upper level.

The transports opposite in direction to the bulk of the flow

disappeared along the lateral bounderies.

Cn the LOth day values increased again reaching

33.1 mz/sec2 at the upper level,
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Transports in opposite directions are again observed at

the lower reference level at j = 6% and J = 9% .

The change with time of the various componente of the

specific kinetic energy is shown in fig. 9.

The zonal kinetic energy decreased at the upper reference
level from the value of 536 mz/sec2 on the first day to the
value of 387.5 o¢n the 40th day. The decrease was accompanied
by small oscillations. A tendency or stabilization can be

rerceived around the 42nd day, which is the last day of the

present r™un.

At the lower level a slight decrease of the zonal kinetic
energy is observed until the 22nd day, followed by & slight
increase. Towards the end of the run, a tendency towvards

stabllization may be indicated.

At the upper level, the eddy kinetic energy increased
while oscillating and attained its highest maximum of 137 m2/sec2

en the 33th day.

The eddy kinetic energy at the lower level was very small,
It appears to increase somewhat with time and attains a value
of 10 m?/seé? on the 37th day, thereafter stabilizing at this

value.

The total averaged kinetic energy decreased very slightly
during the formative stage from 282 mz/sec2 on the 16th day
and then more abruptly to 248 m?/secz on the 22nd day. After
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this date the energy increases again, attaining a maximum

2 on the 37th day. This is followed by almost

ol 280 m2/sec
constant values and apparently a steady state has been ob~-

tained.

"he variation of the zonally averaged flow at 1000 mb

as a function of latitude and time is shown in figure 5.

The develonment was considerably slower than in the
previous experiment. A value of L4.20 meter/sec was observed
at the central latitude on the 16th day, and this was the

hichest value of the entire run.

The boundaries between the central latitude and the
regions of thc easterlies which developed were, relatively,
more smooth during the entire course of the integration,
being located in the South between Jj =4 and j = 5% and

in the liorth between Jj = 10 and J = 12.

The speeds in the belts of the easterlies and in the

belt of the westerlles were considerably lower than in the

previous run,

The maximum wind speed decreased from L4.20 n/sec at
the céntralvlatitude on the 16th day to 0.22 m/sec on the
22nd day, then rose again and reached a maximum on the 27th
day, of 3.71 m/sec, again decreasing to 1.60 m/sec on the 32ud
day and rising again to a local maximum of 3.65 m/sec on the

38th day. These variations might indicate a cycle
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of 11 days at 1000 mb, dut we cennot draw such a
sonclusion from only 42 deys of integration and it seems
that afterwards this clear-cut cycle disappears due to the
increesing effect of the eddy diffusion term, =ss it is seen

in the amplitude of the disturbance.

The highest speed of easterlies appears between the 7%6th
-~ 42nd days, reaching speeds 1ot exceeding 2 m/sec (the
nighest speed being 2.13 m/sec on the 38th day = the
same day on which the highest local maximum of 3.65 m/sec

was observed in the westerlies).

The local maxima of easterlies appear on the same days

as the maxima in the westerlies. Their intensities being

however lower.

Various energy transformations are shown in figures 7,
8,8'.

The highest value of {E,P'} amounting to L.2 x 10~ kjm
gec~ ! cdb~'  was attained on the 37th day. This was the third
maxima during the entire run, the first being observed on the
1h4th and the second on the 25th days, with values of 1.88 x
1075 and@ 3.4 x 10”2 kj m 2 sec ~! cb~! respectively. During
the course of the run the values were found to dron down to

0.12 x 10~ on the 19th day. In this run much lower values

were attained than in the previous run.

The conversion of heat into zonal potential energy is

2
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consistently positive and into eddy potential energy, con-

sistently negative.

The positivec conversion in this experiment was larger

than the negative conversions.

Friction causes a reduction of kinetic energy. The
variations in the tranformation of kinetic energy into
friction are not exactly in phase with the other trans-
formations, attaining maxima on the 16th, 27th and 39th days.
Thus having a phase lag of two days relative to {5, P'}.

The absolute values are smaller, by a factor of 3 than the
energy gained by heating. Frictional losses are shown ac-—
cording to a scale reduced by 10 compared to the other
transformations. Their values are much lower than those
obtained in the previous run. The highest value of {K,F }
was attalned on the 39th day having a value of 7.5 x ‘IO-6

compared to 24 x 10-6, the absolute maximum attained in the

previous run.

During this run most of the eddy kinetic energy was
transformed into kinetic energy. Oscillations that indicated
small negative values were obtalned on the 22nd and the 33rd
day but the negative values were very small compared to the

dominant positive ones.

In fig. 8 the frictional losses of kinetic energy due

to lateral eddy viscosity are shown.

The values of these transformations are smaller than
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the values of 8ll other transformations taking part in the

energy exchanges.

7 x5 m2 sec™  on the first

Sterting with 127 % 10~
day of the run { X, A } decreased until the 15th day, when

7 2 ..~

it reached the values of 32 X 10~ X3 m < sec . A

local maximum was attained on the 13th day, a second one on

the 29th day and values appear to become stable on the LOth

7 kj m2 sec™! . The values of the first

7 kJ m-2 sec-1 res-

day, with 43 x 10"
two maxima vere 4O X ‘IO”7 and L1 X 10~

pectively.

The frictional losses of eddy kinetic energy rose slowly
7 kj n? sec™!

on the 16th day. A second maxima of Ll X% 10~7 k3 =2 sec™!

from the first day to a maximum of 4O X 10

was observed on the 27th day, and a higher maximum of 63 X%
1077 kj m2 sec™! was reached on the 37th day. while in the
first half of the run, i.c. until the 24th day the values
of {'—( A} dominate, in the second half i.e.
from the 24th day until the end of the run on the 42nd day
the values of ﬂ(:A} dominate. lTowards the end
of the run a tendency towards stabilization can be observed

in the values of both transformations.

The zonally averaged diabatic heating as a function
of latitude is shown in fiz. 40 for the 10th, 20th, 30th and
4LOth days.

The magnitudes were considerably lower than in the previous

run and the distribution was also much smoother.
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¢ tie 10th day tie heatins was still very small, almost

impercentitle.

On the 20th day it was not much hicher, but on the 30th

day the ronernl pattern could be easily observed.

“he resion of most extrere heating was in the south
arrcund j = 2 . Proceedins to the liorth, the values vecame
negative vetweer j =4 and j = 5. lNo diabatic heating was
obtained at the central latitude, due to the constraints of

the rodel.

small positive valuves were obtained however between
j=8 znd j =11%. Intense cooling was observed in the

north with its highest value at j = 1h4.

fio simplification of the distribution ocurred on the

4Ooth day - contrary to the previous run.

ihile the values were lower, the same pattern versisted,
so that most of the heat was supplied to the atmospnere at
the very low latitudes whlle the sink was loecated in the

exrtrcire nortn.

The zonally averzged zonal flow is shown in fig.'4 as
a function of lutitude and pressure for 4 selected days

at intervals of 10 days.

The sarme tendencies as in the earlier run towards the
formation of a "jet" at the central latitude at the fomative
stuge of the run arc observed. (The jet was slightly "solit").

On tihe 10th day the velocity at D, at the central latitude
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was 36.1 m/sec while the maxima located at J =6, and j = 11
are 36.7 m/sec. A less vronouncéd similar effect was
observed at the lower level. On the 20th day the splitting
remained evident - the velocity at the central latitude

was 37 m/sec and maxima of 40.1 m/sec were located at j = 6
and j = 10.

On the 30th day the splitting tended to disappear. The
veloeity at py at the central latitude was L1.L m/sec while
the 2 maxima of U42.3 m/sec were observed near it at j = 7
and J = 9. On the 40th day a single well developed central
jet could be observed with a speed of 4&.2 m/sec . The de-
velopment of the easterlies proceeded at a slower rate. On
tﬁe 20th day easterlies were found sitightly below 750nb level.
Their lateral extent was constant during the run, not penetrating

beyond J =4 and J =12 .

On the L4Oth day easterlies penetrated up to the 500 nb

level.

The maxima of the speeds of the easterlies did not
exceed during the entire course of the run, the value of
2 m/sec. The highest maximum was attained by the wester-

lies on thelOth day reaching a value of 48 m/sec.

Descrintion of the development in the second Experiment

‘The amplitude of the first harmonic of the stream

function at the central latitude, at the two reference
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levels is shown in fig. 12. The stage of initial growth was
similar to the corresponding stag; in experiment I until

the 13th day. The maximum attained on the 13th day had a value
of 9.8X% 106 m?/sec at the 250 mb level, and of 6 X 106 m?/sec
at the 750 b level. These maxima are almost half of the cor-
responding maximum values obtained on the 13th day in the

previous run.

No small amplitude oscillations were observed in this

experiment,

'The pronounced variation, which may presumadbly be identi-
{ied as an "index cycle" which appeared in the previous run -
was 2lso not present in this run, although one long period
oscillation wvas ovserved, with a period of 10 days. This may
perhaps be a remnant of the former index cycles, all later
cycles having been obliterated by the strong effect of the
lateral eddy viscosity term. The 18th day presents the lowest
value of this oscillation, with 2.8 X 106 m?/sec (at 250 nb
and 1.9 % 106 m2/sec at 750 mb). “The minimum of the present
run is approximately 1/3 of the corresponding values in the

previous run.

The following minimum was observed on the 28th day,
with 1.4% 107 m? gec and 1.6 X 106 m%/sec respectively at

the 250 and 750 mb levels.,

'The 750 mb minimum on the 28th day is somewhat lower

than the corresponding value at the beginning of the same cycle,
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a detaill that characterized also the first cycle in the

previocus run.

From the 23ih day on - our amolitudes depart from
the "index cycle' pattern wvhich was typical of the previous
run, Ve observe a slow but constant growth at both levels
J.

at a roushly exponential rate, until the 51th day of the

integration when the values attained were 5.0 X 107 m2 sec
2t the 250 mb level and 2.0 X 10’ m%/sec at the 750 wb level.
Trom the 518t day until the end of the run, on the 65th day,
the acwmplitudes at both levels became more or less stabilized
@y the values attained on the 51st day - indicating consider-
able smoothing of the first harnonic of the disturbance at
voth levels. Yet, those stabilized values corresnond roughly

%0 the mean amplitudes obtained at both levels in the previous

rmme.
In Tigs. 13,14,15,16 +the chonge with time of the
amplitudes oi the various harmonic componcnis of the dis-

turbance at the central latitude of the upper reference level

are shown. Figs. 14 and 16 show the components with odd and even

wave numbers respectively in the previous run, wnile
figs. 13 and 15 show the corresponding components in the present

experiment.

In the previous run components with even wave numperg
attained higher values than those with odd wave nwibers. In

the present run, a considerable sioothing was observed in the



- 88 -

case of both odd and even wave components. Ir this run the

components with odd wave numbers also attained higher values.

#ip. 14 shows the compenents with odd wave nunber of
exrcriocent [T1 of the previous run. “he 3rd harmonic ex-
3 2
cecds 10° m"/sec on the Lth duay, the 5th harmonic on the

8th day and the 7th howmnonic on the 11th day.

In fig. 13 the corresvonding odd wave number components
oi' the vresent exp:: iment are shown. Here the 3rd harmonic
3 2 . . _ .
exceeds 10” m“/sec on the 4th day, the 5th harimonic on

the 9th day and the 7th harmonic on the 15th duay.

In exveriment III of the previous run, the 3rd harmonic
attained a first maximum of 1.3 X 10° m2/scc on the 16th day

while in the present run on the samc day the 3rd harmenic

5

. - 2 , . . .
attained 3.1 %X 107 m“/scc. The same harmonic attained its

s o, 6 ] .
highest value of 5.5 % 10 m2/sec on the 51st day in the

6

previous run, and it attained its highest value of 3.04 10

m2/sec on the present run on the 56th day.

6

“he 5th harmonic attained a first maximum of 2.1 4 10
mz/sec on the 20th day in the previous run while in the

4

nresent experiment its Tirst maximum 9.5 X 10 m2/sec is

attained on the 22nd day. The hiphest value attained by the
6

5th harmcnic in the previous run, 2.8 X 10 m?/sec, was ob-

scerved con the S54th day while in the oresent run the highest
;S

value of the same harmonic 6 X 10° m2/sec was attained on

thie 60th day. The 7th harmonic attained a first maximum of

. 2,
L.S X 105 m°/sec on the 22nd day in the previous run, while
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in the present experiment the same harmonic had its first
maximum on the 22nd day also, with a value of 9.2 X% 10“ m2 sec.
The highest value attained by the 7th harmonic, 8 X 105 m%/sec,
was observed in the previous experiment on the 48th day while

5

in the present model the hizhest value of 2.8% 10 m2/sec vias

observed oﬁ the 56th day.

Fig. 16 shows the components with even wave nurber of
ixperiment III of the previous run, while fig. 15 shows

the corresponding components of the present experiment.

e see that the higher harmonic components are nore
attenuated than the lower comnonents. In the previous ex-
periment the 2nd component attained a value of 106 mz/sec
at the first noticeable maximum on the 22nd
day while in our experiment it attained a
maximum of 6.5 x 107 mg/sec on the 27th day. The highest
value of 1.2 % 10/ m%/scc was attained by the 2nd component
in the previous experiment on the LOth day, while the highest

value in the present run was 3.5 A 105 m2 sec.

In the previous experiment the L4th harmonic attained the

6 mg/sec on the 22nd day while

first maximum and of 1.8 X 10
on the same day the same harmonic in our present éxperiment

attained the value of 9.5 x 10“ m2 sec,

The highest value attained bty the 4th harmonic in the
previous experiment of 4.2 X 106 m?/sec was observed on the
LLth day, while in the present experiment the nighest value

was 6 X 10° m2/sec and 1t was observed on the 55th day.
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In the previous experiment thg 6th harmonic attained
its first maximum 7.% x 105 m2/sec, on the 23rd day, while
in the present run it attained a first maximum of 4 X 10“ m2/sec
on the 26Gth day. It attained its highest value of 3.9X 106
m2/sec in the previous run on the 59th day. while in the
00

present run it attained its highest value of 1.2%X 1 m2/sec

on the 57th day.
Thus again the effect of the lateral viscosity is strongly
marked.

“he variation of the zonally averaged zonal compenent of

the wind at 1000 mb as a function of latitude and time is

-
shown 1in figz. 17.

The same fundamental pattern subsists, westerlies dom-
inating the central region, while the easterlies were con-

fined to the ne-th and the south.

Speed maxima are lower than in the previous run and the

distribution differed considerably.

ltaxima of the westerlies are observed in the present
model, on the 16th, 27th and on the L48th day. The index cycle
was nc longer a prominent feature of the developing circulation
although traces of 1t may perhaps be detected during the

earlier stages of the run,

Between the maxima of the westerlies thelr speeds

go down to 25,5 of the peak values between the first two maxima,
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and to 50,5 of the peak values between the second and the
third maxima. The values of the maxima attained by the
westerlies on the 16th, 27th, L43th and 64th days were
4.99 m/sec, 5.07 m/sec, 6.47 m/sec and 3.10 m/sec res-
pectively. They are by 50,0 lower than the corresponding

maxima obtained in the previous run.

Intensification of the easterliecs in the south was
practically in phase with the changes of the westerlies in

the central belt.

A1l the three maxima of the easterlies in the north
coincided in time with the maxima of the westerlies in the
central belt., In the south only two maxima were observed,
on the 16th and 48th day during which the westerlies also
had reached maximum values. The first maximum of the easter-
Vlies in ﬂhe north had a higher value than the corresponding
maximum of the easterlies in the south. On the 16th day, the
maximum speed attained in the north was located at J =13
the extremal velocity was 1.65m/sec while the corresponding

value in the south at j =3 was 1.31 m/sec.

The second speed maxima in the north at the same latitude
of J = 13 indicated a velocity of 2.06 m/sec while in the
south the corresponding value at j=3 (which was not a speed

maximum) attained 3.53 m/sec.

The third speed maximum of the easterlies in the north
was obtained at the same latitude of Jj=13 on the 48th day
with a velocity of 5.75 m/sec while in the south a simultaneous

maximun was observed at J=3 with L4.73 m/sec.
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Compared with the previous exveriment the values of the

casterlies were much lower.

A northward shift of the central belt is no longer ob-
tained in the present experiment although at the end of the
run such a tendency appeared to develop. Consequently all the
maxima in the westerlies were observed at the central latitude
j =8 and only on the &4th day,one day before the conclusion
of the present run the local maxinum of the westerlies was

located at j =9 .

An additional aspect of the structure of the zonal flow
- 18 presented by the pressure latitude distributionofld Tor 4

selected days, as shown in fig. 18.

I have chosen the L4 days which were the more significant.
Some of the latest stages of the run were selected, as in
experiment I. They resembled the pattern already obtained in

that experiment.

After the 48th day - the velocidty in the axis of the jet
reached L2.5 m/sec and on the 54th day, 31.2 m/sec. The cor-
responding values on the 60th day and 68th day were of 27.7

n/sec and 27.5 m/sec., respectively.

The most intense velocities in the easterlies in the
south werc 4.7 m/sec on the 48th day, L.O m/sec on the 54th day,
3.5 m/sec on the 60th day and 2.8 m/sec on the 65th day. No
indication of an index cycle such as in the previcus experiment

could be detected. In the Morth the casterlies pehetrated
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vertically beyond the 500 rb level on the 48th day. On the
other 3 days, chosen, they extended only to a limited extent
beyond the 750 mb level. Also in the north the highest speeds
were located near the surface. The larpgest speed in the
easterlies in thc north among those 4 days, amounted to -5.8
m/sec on the 48th day. The corresponding value on the 54th day
was =4.3 m/sec.. Thesc two values were higher than thoge at-
tained by the easterlies in the south on the same days. On the
60th day, the easterlies in the north attained -2.5 m/sec and
on the 65th day -2.2 m/sec., i.e., lower than the corresponding

values in the south on the same dates.,

On the 60th and 65th days, the vertical axis of the wind
speed maxima in the belt of the westerlies tilted with height
towards the south from J =9 at 1000 mb to j =6 at 250 mb
on the 60 th day, and from j =92 to Jj =5 at the same
levels on the 65th day. A small tilt of the axis towards the
north from J =8 at 1000 nb 1level to j =9 on the 250 mb

level was observed on the 54th day.

Fig. 19 shows us the patterns of the zonally averaged
northward eddy transport of momentum. 'he same days quoted
above were chosen. liere also, like in the previous experiment,
large variations from one day to another were observed. On
the U48th day, transports toward the south prevailed over the
northern half of the region and a part of the southern one.
Northward cransports were observed, in the southern region,

and at 250 mb in certain parts in the northern region. 4
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2 was obtained

maxinum of southward transoorts = 43.3 m?/sec
on the L4th day at the upper level at j = 10, The maxinum

o the northvard traasvort, 31.2 m?{secz at j =5 on the same
day, was obscrved also at the upper level. On the 54th day the
pattern --.ins adiitional ccnplexity. The northward positive
values extend now weil into the northern half of the region,
attaining a maximum value of 45.0 m2/sec2 at the upper lcvel

at 3j = 6. The southward negative values attain a maximum of

- 23 mz/sec2 at the upper level at j = 12. At the 750 mb

level ON the same day the situation is reversed. In the northern
half =« patch: of positive northward values was observed with

2 at j = 10. In the southem

w0 meximuni value of 15.1 m%/sec
half of the region a patch of negative southward transmortis
was observed, with -15.2 m?/secz at j = 5. On the 60th day
the distribution resenmbles the pattern observed on the 54th
day. The soutiward transpsorts attained at the upper level on
tinis day the maximum of -27.3 m2/sec2 at J =12 and the

northward maxinum of 43%.8 m2/sec2 at J = 6.

The same pattern persisted on the 65th day. The north-

ward transvorts attained the higsgher volue of 53.0 mz/sec2

at Jj =5 and a maxisum negative transport of -33.0 m2/sec2

10. At the 750 mb level the same inversed situation
2

at J
was observed. A maxi:ium northward transvort of 12,6 m2/sec
was observed at J = 12 while in the southermn region a maxinum

necutive transvort of -11.3 m2/sec was obtained at J = 5.

“he mean zonal heat balance for the same U4 representative

days is shown in fig. 20.
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Two maxima in the sensible heat flux can be distincuished.
One in the South wgs located _on the L8th day (which is a mux-
imum day),at J = 3. Then it shifted’ southward to j = 2 during
the 3 additioral renresentative days. ©he other in the north
was located systematically at j = 14. This may have been a
result of the fact that in thec present model no clear cut'

index cycle was observed.

he net heatinz and cooling distribution in the rresent
model has tiic general featurcs ol the low-index situation in
the previous run, i.e., only two sudregions are observed:
heating taking place between the southern boundary and J = 10

for the 48th day, between the southern boundary and J = @

1

for the 54th day, between the southern boundary and j = &
for the 60th and the 65th day. Thus the boundary hetween the
two subrecions shifts somewhat as time goes on. In the present

numerical experiment, maximum heating was observed on the

48th day, at j = 2, amounting to 18.7X 152 kj m"2 sec-1.

The most intense cooling on the same day was -21.5x10 %kj m 2gec™
near the pole, at J = 14. This corresponded to observutions
which indicate a pronounced sink near the pole. On the bHith

day the maximum of the heating attained the value of 2&&10_2kj

m? sec”! at jJ = 2 in the south and the maximum value of

2 2 -1

cooling of =-23.5 X 10 kj m € sec at J = 14 in the north.

On the 60th day the maximum sppeared at the eame latitudes,

of the corresnonding values being 26.5x10_2kj m—2830-1 and

-23%10° kj m~2 gec™ 1.

On the 65th day the maximum values were observed at the

- -2 -1
same latitudes attaining the values of 22.2x10 2k3 m ~sec
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and —21.5110-2kj m 2gec™?

ig. 21 shows the march of the various kinetic energy

components with time.

The variation of the energy of the zonal flow at the 250mb
level did not vary periodically as in the previous run but was
characterized by a slow but steady decrease. The only local
maximum was observed on the 28th day. After this day, there
was a slow, butcontinuous descent until the 42th day. After
this day, the decrease became more intense until the 60th day
on which a tendency towards stahilization began to be manifested.

2 the zonal flows energy decreased to

Starting from 533 m2sec”
250 mz/sec2 on the 60th day stabilizing itself at this value
until the end of the run on the 65th day. From the 53rd day
onwvards, the eddy kinetic encrgy at the 250 mb level became
greater than the kinetic energy of the zonal flow at the same

level.

At the 750 mb level the variations were less clear cut.
the K750 component had a slight maximum on the 28th day,
coinciding in time with a slicht maximum in K25O‘ Another
local maximum was observed on the 42nd day, and thereafter
K750 decreased slowly until the end of the run. The energy
of the perturbations exceeded that of the zonal flow at
750 mb from the 48th day and it inereased slowly up to the
59th day where it appcared to stabilize itself around the
2 2

value of 67.5 m“sec <.



-q7 -

~
ol

The mean total kinetic energy {'ﬁ-+ K! } attained
small minimum on the 22nd day and = maximum on the
28th dey. After a small decrease it began to rise from the
32nd day and grew steadily. Attainiﬁg a maxinmun value of
395.5m2 sec~2 on the 53th day, when a tendency towards
stabilization could be observed, the valuegs of the mean
total kinectic energy oscillated around the value of 387.5

(o]

m“sec-Q until the end of the run on the 65th day.

Compared wlth the previous run the march of the various
components of the kinetic energy is smoother with lesc oscil-
lations and shows a tendency towards stabilization at the

end of the run.

I'ig. 22 shows us the transiormation of zonal potential
energy into eddy »otential cnergy and the frictional losses.
o cycle appears in the varlation of [ﬁ,Pﬂ' vith time. Its
intensity was much lowver compared to the previous run, at-
taining similar values only towards the end of the run. A

-5 - -
first maximum of 2.2 % 1077 Kjm 2 sec 1 vas observed

-

onh the 14th day. A second maximum was observed on the 27th day,

with the value of 0.45 X J074 kj m2 sec™.

After a minimum on the 29th day continuous growth was

b kj m 2 sec”! on

observed, leading to a maximum of 0,95 X 10~
the 53rd day. Trom this day on the transformmation decreased

until the end of the run, reaching on the last day, the 065%th day,
the volue of 0.73 X 10-& kj m-2 sec_1. “he frictional losses

of the eddies were quite small, They did nd exceed 10-5kjm—zsec-

until the L7th day of the integration. From this day on



-98 -

a gradual increase of the Tricticnul losses of the eddies
was observed, reacihing a maximum value of 27X‘I0—5 kj mnafaec-'1
on the 5&th day. After that,a gradual dccrease followed so
that on the 05th day the value of 2.3 X 107 e m2 gec 2

was obtained.

"he frictional losses of the zonal flow dominate those of
the eddies until the 47th day. From that day on a gradual
dcercase was observed until the end of the run. two maxima
of the [F,K] transformation on the 15th and 26th day lag
one day behind the corresponding maxima of the [ﬁ,Pﬁ trans-
foruation., On the 27th day the transformation reached the

value of 1.0 X 10"5 ki m'2 sec-1 and on the 47th day 1.1 X

1072 kj m2 gec™'. At the end of the run the intensity of

the transformation became very small: 0.2 X 10-5 kj m-z sec_1.
The area averaged precipltable water as a function of time is
shown in fig. 23. The broken line corresponds to a constant
valuc of 15 mm which is the average winter amount quoted by
Peixoto {1958). The water content rose from the initial stage
until 1t reached a maximun of 16.3 rm on the 23rd day. After this
day, a tendency toward lower values appeared, with much smaller
oscillations than in the previous model. o index cycle was
observed and the slight oscillations superimposed on the

general trend had variable periods. On the 49th day the water
content reached the value of the winter average given by Peixoto
and continued to decrease until the end of the run, when on

the 65th day the water reached a value of 13.7 mm.
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The arca averaged prccinitation and evaporation as a
iunction of time is shown in fis. 24. &£t the start of the
inteiration - no cvanoration was obgerved, becausc of the
vanishing surface wind speed ot 1000 mb. 'he evanoration
cerew vunidly - while the precigitation started only on the
10th day. tntil the 21st day precipitation was less thuu
evaporation. I'rom the 21st day on tihie evaooration and th
orzecipitation had a similar distribution, their values being
close one to the other; the precipitation's valucs slightly
exceeding the evaporation values. & first maximum of the
precipitation was observed on the 16th day, with 0.5 rm/day.
A second maximum of the vrecivnitation was observed on the
27th day, with 1.20 mm/day. Precinitation was s3lipzhtly higher
than evanoration in the vicinity of the naxina wiile ot 4he
vicinity of the n:idnima the uvituution wus reverced. Jier u
minimum of the vrecipitation on the 30th dzy, with 0.85 r:/day,
the precinitation valucs rose steadily with cmell oscillations
superinmosed on the general trend until they reached the hishest
value of the entire fun on the 55th day with 2.91 nw/day. Thic
value is lover than the maximun obtained in the orevious run,
"amounting to 3.56 mw/day. “he evaporation in the present nodel
on the sasie day was 2.77 nn/day. After the 55%h Aay a trend
towvards lovier values was observed, ajainaccompznied by siall

1 ms/day.

oscillutions on the 6G5th day. “he vrecinitation rcached the
2

[

value of 2.75 mm/day and the evupvoration the value of

*

The latitudinal distribution of the relative hunidity as

<

a function of time is showvn in fig. 25.
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suring the first 14 days the relative humidity inercased
constantly, over thc cntire region. On the 12th day some
reneral features which were retained during the whole course
of the ran, bec:s . already eviden%. "he extreme south beyond
i = 2% wns very hundd, the hwaidity excceding SC,:. Horth of
j = 3 o telt of relatively dry air was located in which the
valiues o2casiounnlly went down to 70,. and even less. Yhe
c:nllest relative hw.idity vsolues of OUju were obtained on the
L1st day. a northwaerd shift of tie dry belt such as in the
srevious run covld hardly be detected. ito irresularities in
the © Luidity belt were observed in the present rodel,
Wwi.ile they were suite »ronounced in the previous run, part-
icularly north oi faec d4ry belit. Phe dry belt remainccé in the

southera hnlf of the repgion, and 4id not penetrate beyond the

central latitude.

The changes in the relative humidity within the dry
belt were quite pronounced during the early stages of the rum,
but no indications of an index cycle were observed. fnother
feature worth mentioning is the appearance of a small dry
region in the extreme north with values of 807, This was ob-
served during the 43rd and the 48th days, at J = 14%. The region
in excess of 90, in the northern half was larger and nore
compiact, in the present model, with a high degree of uniformity.
In the =2xireme south the line of 90., values was quite uniform,
with few fluctuations. Towards the end of the run the humidity
was generally higher than in the previous model, the values
in the last 10 days of the run (after the 56th day) being

everywhere higher than 80;.
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In fip, 27 the frictional losses of kinetlc enerpgy due

to lateral eddy viscosity are shown,

Comparins the rcsults in the present experiment (ilo. 2)
with our first experiment sonc strikin& features are evident:
the: frictional losses of eddy kinetic energy through
lateral eddy viscosity attain much higher values in

the course of the run.

In this experiment harmonic components with high wave
numbers had considerably higher anmlitudes and thus the itrans-
formation [K’, A] was movre intense. On the other lmnd, the
frictional losses of zonal kinetic energy followed the same
pattern as in the first experiment but during the last 20
days of the run (i.e., from the L45th to the 65%h day)

considerably lower values of [?, A] vere obivained.

The [K', Al transformation followed as mentioned above a
differcnt evolution in the present run exbibiting a totally
¢ifferent march in the last half of the present run.

Starting slowly from zero on the first day,[:K',.g
7

xj m 2sec”! on the 16th day.

2

attained a first maximum of UL6X10°
A second maximum was observed on the 27th day, 58107 kj m ®sec”)
much higher than the corresvonding value of the same tranformatiom
on the same day in the first experiment. After some small oscil-
lations which lasted until the 37th day, the values of [ﬁ', é]
rosc constantly and very rapidly to attain 231X410~" X3 m 2 see
on the 59th day and from then until the end of the run on the

65th uzy 1ts values oscillated around an average value

of 215x10~7 1§ m~2 gec™.
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The frictional losses of zonal kinetic encrgy due to

lateral eddy viscosity["K} A] started from a value of

127% 1077 kj "2 sec™! on the first day of the run and

decreased steadily until the 15th day when the transformation
gttainacd a value of 31%1077 kj m™2 sec™'. A local maximum
was obtained on the 19tk day, a second one on the 29th day and
a third one on the L7vd day, the corresponding valucs being

7 2 -1

4131077, 151077 and 49¢40™7 %3 m™2 sec”t.

FProm the 43rd day until the end of the run a gradual

decrease is dbserved, the value of,?K} é] declining to 12x

107" k3 m sec"1 on the 64th day.

The zonally averaged poleward eddy flux of water vapor

is shown in fig. 26.

On the [;0th day of the run the values were very close
to those observed in the real atmosphere by Peixoto (1958).
On the other L representative days = due to the absence of an
index cycle - a similar pattern was observed, with values

almost doubls of Peixoto's values.

The largest poleward flux was located at the low levels/

the mexima being a little south of the central latitude. On

~1 obtained

-1

the U4Oth day, the maximum was 5.278mom-k8"1sec

at J 6. On the L&Eth day the maximum was 9.66gm.m.kg‘gec

at j = 7. On the 59th day the maximum was 11.60 at j = 5, on

the 60th day it waes 11.04 ot J=5, and on the 65th day it was
of 10.0 at j=5. '/e notice that towards the end of the run
there is a tendency of the poleward fluxes to reach maxima in

south.
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Fluxes with inverse sign were located on the northern
border of the region, and they appear on cach rconresentative

day. The maxima at the upper lcvel (the 250 rb level ) were

smaller by one order of magnuitude than thogce located at the

lover level, but they appear consistently atu
latitudes.

the sanie
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INTRODUCTION OF THE MATSUNO SCHEME

- S BB G S W G P G - - -
v

Introduction

Equations of a two level quasi-hydrostatic and quasi-
geostroophic model were integrated again, this time using the
Matsuno (Euler-Backward) two level time difference scheme
instead of the centered time difference scheme (the leap-
frog scheme)} used in the first two experiments discussed
above, one without and one with the introduction of lateral

eddy viscosity.

?his scheme has been shovm to have a damping effect on
high frequency waves (low-pass filter) but it is only
conditionally stable.

Matsuno (1966) mentions that his scheme reduces the amp-
litudes of longitudinal horizontal waves in addition to those
of gravity waves. As gravity waves~were eliminated from our
model by the geostrophic assumption, only the effect
of the scheme on the longltudinal horizontal waves will Dbe

observed.

Experiment No. 3, weas similar in all detalls to Zx-
periment Lo. 1, mentioned above, without any lateral friction,
but with time-differencing according to the Llatsuno scheme
instead of the leap~frog scheme. “he integration was carried

for 62 days.

The calculated distribution of the field variables was

T TR
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compared with the results of Zx. Zo. 1 by Huss (1967) n.cntioned
above and also with the two exveriments already discussed in
this revport.

Smoothin~ of the field variables was observed in tnis
experizent mainly during the last stazes of the integration.

The first 4O days of the 62 days integratio~ showed n- serious

departure from the results of Huss's lio. 1 Exp. (1967).

The Matsuno scheme is as follows: (Matsuno, 1966):

e are given the partial differential equations :

U : ..
(1) az = F; (u;) (L,J=1,2,...N)

The F's involving 1inite differencing operators, then iaisuno's

two level scheme may be written:

(a) u(zﬁ): U.“;'= F(U-‘) At

() LL‘“”— u(z)= f.—(u(cm )A{:

(3400
wvhere = U

Let us assume that equations (I) are of a pure oscillatory

is an intermediate vzlue in the calculatione.

type, 1l.e. 33‘-‘"1—“: Lw; u; where AF; is the
frequency of the i-th component of normal nodes. Let us

consider a single component, and omit the subscript.

Defining oD = wat the amplification factor for the
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liatsuno scheme will be:
A=f+ L —ﬂ2
and: i'\i =L1-a +a ]
Thus the scheme is conditionally stable. U; will be damped if
PQI = 41, neutral if 114 = 1 and unstedle if
112!=>1. To obtain the value of £ at which strongest

damping occurs, we differentiate IAl

2
3,A|_—212+4ﬂ.3 — —nll-20) _
2o 2(i-ntenie” [Imate at]m 0

Thus &%.

In a meteorological problem, such as the problem under dis=-
cussion, the itodes of highest frequencies are normally assunmed

to be undesireable noise effects, generated by various nrocesces.
Any filtering device, introduced ints tihe model either explicitly,
or implicitly, should, thereforc have the property of smoothing
out the higher frequencies, and leaving the lower freguencies
intacti. Damping,if present, should therefore increase monctonously
with frequency. This would not cccur in +he Eatsﬁno scheme if

. . 1 ;
el is alloved to incrcase beyond = =+ Thnerefore, the

[
scheme will be stable, and will also act lile a high-cut filter,

if the time step will be chosen o that: Zlf ‘=*T=4—-
2 Wmeayx)

ag,a, being the highest frequency in the system.
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Q It is easily seen that the scheme ncts as a filter .
(ss)*
eliminating u from the equations defining the
scheme.
r&ei) (B, sy . 2 (&) 2.
4 - U =t (u,+ a)u_z.\.t)at fou ot - %@tz

34), ot (3, o

By comparing the resulting expression with the xaylor ex—

pansion we note that the scheme intiroduces a / (aLL>£¢ term,
which, in & way, acts like a diffusion term in time.

The Development of the Circulation

In fig. 29 the variations of the amplitudes cf the first
harmonic wave coriponents of the stream funcition at the ceniral
latitude, at 250 mb and at 750 mb,as a function of timz are
shovm. Luring the first 30 days of the intezration, wo sericus

departure from the results of Exp. 1 of Huss was observed.

The amplitude of the Lirst component at both reference
levels reached its first maximum on the 14th day, amounting to
1.5 % 107 m2/sec at 250 rb. The evolution from now on until
the 30th day was similar to that observed in the Zxpserinent
described by Huss, with e time-lag of two 2ay=.

On the 32nd day, the armnlitudes at the uprer level of

reference were 2.7 X 107 2

/sec, as compared wiith ihe
3.4% 107 mz/sec in Huss's exneriment ana 2.5 X% 107 mz/sec

in the experiment with eddy-viscosity.
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During the latest stages of the run no oscillations were
observed. The dominating feature was a smooth and gradual rise
of the amplitudes at both reference levels reaching on the

7

50th day values of 5.28 X 10 mz/sec at the 250 mb level

and 2.20 X 107 m2/sec at the 750 mb reference level.

From the 50th day until the end of the run, on the 62nd
day, the amplitudes remained about equal to the values of the
50th day. These stable values were twice as high as those ob-
served 1n the experiment including lateral eddy viscosity, i.e.

6

2.65 % 107 mg/sec at the 250 mb level and 6.4 % 10 me/sec
at the 750 mb level (stabilization taking place already on
the 42nd day of the run, vwith eddy viscosity). This appears

to be due to the different smoothing involved in the two models.

Fig. (30) shows us the amplitudes of the odd harmonic com-
ponents of the disturbance at the central latitude of the upper
reference levels. The component with wave nunber (I) is
dominant throughout the entire run - as in the earlier ex-
periments. A prominent feature of the present run is that the
magnitudesof the components with even wave numbers were extremely
small, Thus the noise due to non-physical effects is eliminated
by the use of the llatsuno scheme leaving the interactions bet-
ween the odd wave number components which are mainly of physical

nature.

The 3rd component exceeds ‘IOLL m?/sec on the 6th day, the
5th on the 11th day and the 7th on the 19th day. Thus in
the beginning this run exhibited the same features as those

which were characteristic of Huss's experiment I.
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The 3rd component attasined 2 firat maximum of 9.5 X 105
me/sec on the 17th day, and after & series cf small oscillations
stabilized itself from the L48th day onwards at a value of
2.5 X% 107 > sec.

The 5th component attained a first maximwus of 106 mz/eec

on the 218t day and after a series of oscillations began to

5

stabilize at the value of 3.5 X 10 m?/sec.

The 7th component reached a maximum of 6.5 X 10“ mz/sec on
the 22nd day, thenunderwent a series of large-ampglitude oscil-~
lations. Towards the end of the run the values oscillated
between 105 m%/sec and 2.0 % 10u m2 sec, The amplitude

of these oscillations decreased somewhat towards the end of
the run. The amplitudesof the components were much larger,
generally two or even three times larger than thcse observed
in the experiment with lateral viscosity. Tig. 31 shows us

the amplitudes of the various harmonic components of the
disturbance with even wave numbers at the central latitude

of the upper reference level. Here, as in the experiment with
lateral eddy-viscosity, the amplitudes never exceeded a value
of 10"L m?/sec and their magnitudes were the smallest in all
the three experiments. On the 42nd day, for instance, the

2 m2/sec/the Lhth Lx10° m?/sec

second component attained 7x10
and the 6th 10° mz/sec. On the last day of the present

run, the 62nd day, the 2nd component attained a value of 2.8x103
m2/sec, the Lth hx102 mz/sec and the €th cocmponent attained

7% 102 mg/sec. This drastic damping of the cven harmonics
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which 18 more severe than in the corresponding experiment
with eddy-viscesity, is reflected by the high degree of sym=-
metry between the northern and southern halves of the field
variables around the central latitude, which was conserved

perfectly until the end of the run.

The variation of the zonally averaged zonal flow is
shown in fig 32 as a function of latitude and pressure for

L selected days. .

bYuring the earlier stages of the run, i.e., until the

30th day the patterns were guite similar to those obtained in
Huss's exveriment Ilo. 1, including a tendency toward the
formation of a split jet. Thus on the 10th day the highest
velocities at the upper reference level 37.3 m/sec were located
at j =11 and jJ = 5, while at the central latitude a vel ve
of 35.7 m/sec was observed. On the 20th day no trace of the
splitting of the jet was observed and the highest velocity
within the single well=-developed central jet was of 4L m/sec.
On the same day eansterlles vere observed at the lower boundary.
On the 30th day the central Jet already had a maximum value
of U48.6 m/sec at the 250 mb level. The easterlies extended
now beyond the 750 mb 1level peneitrating up to J= 5 in the
south and up to J = 41 in the north. On ihe Lot day the
central jJjet had become slightly weaker with a maximum velocity

of L5 m/sec.

“he corresponding value of the maximum obtained in luss'sa
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experiment I, was of 38.7 m/sec. The easterlies had a similar

extent as those of the 30th day.

On the 50th day further decrease in the velocities was
observed with a very slipght tendency towvards snlitting of the
jet, the velocity at the ceniral latitude at 250 mb being
30 m/sec, while at j =9 and j =7 it was 30,2 r/sec.

The extent of the easterlies was smaller, but they still

penetrated a little beyond the 750 mb level.

On the 60th day of the run, the weakening of the velocities
became even more pronounced, as well as the splitting of the
jet. The velocity at the central latitude at 250 mb was 24.2 m/sec
while the maxima of 26.6 m/sec were located at j = 10 and
i =6 .

The easterlies were found only below the 750 mb level,
end their lateral extent was also reduced: they did not penetrate

inward beyond Jj =12 and J = L.

The variation of the zonally averaged flow at 41000 mb as
a fanction of latitude and time is shown in Ffig. 34. As could Dbe
inferred aiready from fig. 32, the development follovied almost
the same pattern as the corresponding distribution of iHuss's
experiment MNo. 1 until the 30th daylwith slight changes and

a time lag of 2 days.

The highest velocity was obtained at the central latitude

on the 17th day amounting to 5.4 ny/sec as compared to the

oY
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corresponding valuc of 9.8 m/sec observed in Huss's ex-

periment on the 15th day.

The boundaries between the central region and the region
of the easterlies were smoother in the present experiment and
especially during the last stages of the run (days LO-61)

the boundary line has few sinuosities.

The boundary line was located between j =5 and j =7

in the south and between J =9 and jJ = 11 in the north.

After a first maximum of the surface wind speed at the
central latitude on the 17th day, a minimum of 5.0 m/sec was
observed on the 20th day, followed by another maximum of
8.2 m/sec on the 23rd day. This in turn was followed by a
graduval decrease dovm to 3.3 m/sec on the 30th day. The next

maximum of 5.7 m/sec was ovserved on the L43rd day.

Thereafter, until the end of the run a continuous decrease
of the surface wind speed was observed, the westerlics at the

central latitude decreasing down to 2.8 m/sec on the 62nd day.

Easterlies with values exceeding 2.5 m/sec were observed

between the 16th - 58th day, except for the 26th day.

The highest velocity attained by the easteriies, L.7 m/sec,
vias observed on the 43rd day simultaneous with a maximum in the

vesterlies.

Local maxima in the easterlies were observed on the 17th
and 23rd days - at § =3 1in the south - also coinciding in

time with maxima of the westerlies indicating a strong correlation
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between the intensities of the easterlies and westerlies,

The latitude-pressure distribution of the poleward eddy

Pl

momentum flux is shown in fig. 33 for 4 characteristic days.

On the 10th day the transport was towards the central
latitude at both levels and resembled the pattern obtained

by Huss for the same day.

On the 20th day trends in opvosite directions appneared at

the lower reference level.

The maximumvalues of the fluxes directed towards the

2

central latitude amounted to 23.0 m seEz, An additional local

2 2

maximum of 20.4 m<sec “was observed further towards the center.

On the 30th day the values observed had increased and the

maximum magnitude was 48.8 m2ged2

. Trends in opposite direc-
tions were located in the extreme South and FHorth with the flux
directed toward the boundaries,

On the 4Oth day the values dropped, the maximum observed

2

being 28.6 mzsec- « At the lower reference level positive

transports extended over the whole northern half of the

regionwith a maximum of 4.3 mlgec™2,

Symmetrical negative transports appeared in the south.

A totally different distribution was observed on the
50th day. At the upper level in the north small negative
transports were observed,maxima having dropped to the smallest
value observed during the entire run, -8.3 m2/5e02 -
while at the lower reference level wositive transports atfained

values of 11.8 m2/se02 at J = 11.
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The positive values in the FNorth extended beyond the
500 mb level. On the 60th day a similar distribution was
observed. At high latitudes in the north, momentum transports
reached =25 mz/sec2 . At the lower reference level positive
transports were observed in the llorth and negative transports

2. Their e xtent was more limited,

in the South with # 9.9 m%/sec
and these fluxes remained below the 500 mb level. The change

with time of the various componenis of kinetic energy is shown

in fig. 36. The zonal kinetic energy at the upper level decreased
from an initial value of 536 m2/sec2 to a value of 414 m2/sec2
on the 35th day. Then the values dropped more abruptly tg reach
264 m2/sec‘on the 52nd day ana appeared to become stable at a

value of 248 m2/8e02 Tor the last days of the run.

At the lower level, E%SO first increased slightly until the

25th day and then' a gradual constant decrease was observed

until the end of the run.

A reversed situation was observed in the case of the eddy
Xinetic energy. At the upper reference level, K'250 increased
from zero to a maximum of 1561n%/sec20n the 21st day. After
that a sharp decrease down to 60 m2/sec20n the 25th day was
observed. ¥rom this day on {'250 increased rapidly. On the
47th day the kinetic encrgy of the eddies became equel to
the kinetlc encrgy of the znal flow. A stable value of
378 m2/sec2 was atteined on the 56th day. The kinetic energy
of the eddies at 750 nb increased beyond the kinetic energy
of the zonal flow at this levcl on the Llth day.
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The total kinetlc energy K + K' increased during the
formative stages of the run from 280 m.?/sec2 on the first day
to 322 m?/sec2 on the 21st day of the run, decreasing down
to 269 mz/sec2 on the 29th day. After this day continuous
growth of the total kinetic energy up to the 52nd day vas
observed. On this date a value of 345 m2/sec2 vas observed with
little further change observed until the conclusion of the run.
Various energy transformations are shovm in fig, 35.

The transform {§.P'} attained its first marked

maximum of 7.0X% 1072 xj m~2 sec™! on the 21st day and another

pronounced maximum of 7.40 X 107 kj m2 sec! towards the end
of the run, on the L7th day. The values fluctuated during the
first half of the run, dropping occasionally dovm to 4.4 X ‘lO"5

ki m"2 sec"1. During the second half of the run the transformation

increased up to the maximum of the L7th day mentioned abhove aﬂd
then a gradual decrease with a tendency towards stabilization
near the end of the run, was observed. The conversion of heat
into zonal potential energy){'ﬁ}'ﬁ'})was voslitive, its variations
being much smoother in the present run than in Huss's experiment.
It attained its maximum on the 50th day amounting to 6 X 10-5

ij m2 sec”! thereafter decreasing gradually until the end of
the run. Conversion of heat into eddy potential energy (Q‘, P! }
was negative throughout 6 its magnitudes being much smaller than
those of {Eﬁ Tr} . The largest magnitude —3.25X 1072 kj m 2sec™

was observed on the 51st day.

The transformation of zonal and eddy kinetic energy into

friction are shown in Fig. 35.
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After the 4i2nd day {Kk', F'} exceeded {K, F },the first
increasing and the second decreasing in time from the begin-
ning of the run,corresponding to £he behaviour of K250 and
K'250 . Towards the end of the rum, however, each of those
transformations scemed to stabilize at a constant value.

The zonally averaged diabatic heating as a function of
latitude is showm in fig. 37 for 6 representative days. On
the 10th day very small heating was observed. On the 20th
day the region of most intense heating was located in the
gouth at Jj = 2 with 8x10-2kj m-'zsec-1 . From j = 6 up to
the central latitude cooling was observed. Due to the nature
of the model no diabatic heating could result at the central
latitude. Small positive values were found between J = 8 and
j = 40 and cooling is dbserved north of Jj =10 with a max-
imum at j = 1hL.

On the 30th day the value of maximum heating dropped to
6.4 % 10—2'kj m~2 sec™! and the zone of negative values in
the South extended from j = L% to 3 = 8. On the 4Oth day
the heating became more intense with maximum of 12x10-2kj m-zsec-1.
On the 50th day the most extrcme values of cooling and heating

during the entire run were observed amounting to f162x1o'2 m-2

sec"1. The zone of negative values in the south disappeared
so that the entire southern half was a region of heating

wnile the entirc northern half was a region of cooling.

The same pattern persists until the end of the run, the
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value of the maximum heating in the south at Jj =2 dropping

2 1j m~2 sec”! on the 60th day. We notice that

to 14.1 % 10
in all field variables a tendency of attenuation and gmoothing

towards the end of the run can be observed.

In figs. 35, 39, 4O the zonallyaveraged meridional
velocities Vd ‘at 250 nb in cm scc-1 and their variation
with latitude and time is shovm. The mean meridional flow
was obtained from the computed values of the vertical velocity
at 500 mb., The values of the lower information level are
equal in magnitude but ooposite in sign to those of the 250 mb

upper level,

Fig. 38 presents the values obtained in Exp. ¥o. 1 with
eddy-viscosity. Until the 6th day a single Ferrel cell was
dbserved;from thic day on, the familiar distribution of 3
cells in vertical planes emerged,with a central Ferrel cell,

surrounded by 2 direct Hadley cells.

Cn the 15th day values of =22 cm sec-1 were obscrved in
the center of the Ferrel cell at the central latitude. This
distribution persisted until the end of the run on the 42nd
day. The first maximum was obtained on the 15th day, a second
maximum was obtained on the 21st day, the values obtained at
the central Ferrel cell being =35 cm sec"1 and the third and
last maximum was ocbserved on the 36th day with -41 cm/sec at

the central latitude.

Two points are perhaps worth being mentioned. First - the
3 cellular character persisted almost during the entire run,

except during the first 6 formative days.
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Sccond = the maximum mean meridional veloclity values
obtatiied in Exp. No. 1 were only about half those obtained
previously by iluss in 1965 when no lateral viscosity was

introduced. "he pnositive values in the Hadley cells did not

2

- ]
exceed ° cm sec at most.

Fis. 39 corresponds to Exo. No. 2, including also eddy-
viscositx in which water-vanor was introduced as an additional

Tield~variable.

Again until the 7th day only the indirect Ferrel cell
appeared;occupying all the region. In this experiment no
symmmetry around the central latitude was expected once pre-
cipitation began.

As in Exp. I the familiar 3 cellular pattern persisted
until the end of the run, A first maximum in the central Ferrel
cell was obtained on the 15th day at the central latitude,
with =33 em/sec, a second maximum on the 26th day, with -60 cm/sec,
and a third on the 48th day with -60 cm/sec. This was also ob-
served on the 51st day at the same latitude. From the 51st day
on, the values of the mean meridional velocity decreased, drop-
ping to a minima of =37 cm/sec on the 67th day, at the central
latitude (in the Ferrel cell). Until the LOth day the Southern
tindley cell was larger than the Northern one, the highest
values rising up to 10 cm/sec at j = 3. From the 4Oth day on,
the northern Iladley cell became more vprominent, with a maximum
veloeity of +21 em/sec on the 48th day. This was followed by
a2 decline until the end of the run on the 65th day. ‘/hile the
values observed in this run were higher than the corresponding

values in Exp. 1, no marked asymmetry developed.
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Fig, Ho.hOkshows the pattern obtained in Experiment
No. 3, with the llatsuno time differencing scheme. In this
cxperiment a stiriking feature eme;ges immediately, the
persistence of the 3 cellular structure from the bezinning
of the run until the end on the 62nd day. A first maxim
of -LO cn/sec was observed on the 15th day at 3 = 7 anad
J =9 in the central Ferrel cell, Another maximum, the

highest attained in the run, was observed on the 22nd day,

with a value of =565 cn/sec at the central latitude.

Another local maximum was observed on the 42nd day with
=Ll cr/sec at the central latitude and the following, last
one, was observed on the 52nd day, with =43 cm/sec at the
central latitude. From this day until the end of the run the
magnitudes of the mean zonal meridional velocity in the central
Ferrel cell decreased, reaching on the 62nd day -32 cm/sec at

the central latitude.

The positive values in the Hadley cells never exceeded
17 cm/sec,a value attained on the 386th day. It appears thus
that the use of the Matsuno scheme results in a meridional
.circulation which most closely resenbles the meridional
distribution in the atmosphere, <for all three experiments

described here.

In figs 41, L2, the tine averaged mean geostrophic
poleward flux of sensible heat at 500, for exp. iio. 1

and Exp. No. 2 is shown.
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10 s -1 -1

The units ere in 10 <) sec cb .

In fip. 43 the observed time .averaged mean geostrophic
poleward flux of scnsible heat at 500 mb is given, as obtained by
Mintz (1955)Trom daily circumpolar synoptic charts (in the

lorthern (lemisphere, in winter).

As the size of tiie grid interval used in our model is

4Ll kim, it roushly corresponds to U4 degrees at u5°N.

Bearing this in nind, as well as the limitations of the
model, the two figures can be compared . In =xp. I, the two
.maxima of the sensible heat flux were located at J = 10 and

10 1 -1

j = 6 respectively, with values of 3.3 X 10 kJ gsec ' ¢cb .

The values decreased syrmetrically towards the south and

10 1 -1

the north dovm to 0.26 x 10 kj sec ' ¢b at j = 14 and

j = 2. At the centrzl latitude, i.e., at Jj = 8 a value of

2.9 % 1019 k3 sec—‘I b1 was ocbserved.

Mig. 42 shows the corresponding distribution obtained in
Exp. lo. 2. The mean geostirovhlc poleward flux of sensible
heat at 500 mb, was time averaged between the 30th and the 60th

days of the integration.

Due to the introduction of water vapor no symmetry
around the central latitude was observed. A single maximum
was observed at j = 9 of 4.5 x 1010 kj sec™! v, nigher by

50,5 than the corresponding maximum in Exp. No. 1 .

Values decreased more sharply towards the north than towards
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the south, dowvn to a value of 0.21 %X 1010 kj sec™! o™ at

10 1 -1

5 =44 and of 0.27% 10 " kj sec ' ¢cb 'at j=2.

Filg. 43 shows us the time-averaged mean poleward eddy
flux of sensible heat at 500 mb as observed by Nintz.

This is a wintertime averagze (Jan-Feb 1949). We notice

10 T oo™ at 55° 1.

a single maximum of 3.41 X 10 = kj sec
~he decrease toward the north is no% more rapid than the

decrease towards the south.

In broﬁd outline ouite a good correspondence with Mintz's
observational values was obtained. It avpears that in Exp. No.II

the heat flux was somewhat overestimated.

Exp. I gave realistic magnitudes but, due to the nature of

the model, presented two symmetrical maxima.

In fig. 44 the kinetic energy losses due to the use of

Matsuno's time differencing scheme are shown.

These losses were computed at the end of each day of the
integration between the 23rd and 24th time steps following the

formula:

(K+ K')_ (K Py At —(KF) At —(K+K’). = ResivuaL raTsuno

Until the 15th day the scheme is taking energy out from the
model, but during the 16-18th days and also during the period
of the 20th to the 26th day the model is gaining encrgy fror

the scheme's application . The values were fluctuating between
0.3 - 0.6 m2/sec2 per day. Towards the end of the run this rate
decreases and negative values are again occasionally observed.

It is to be stressed that in order to gain further insight ~ a
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much more detailed analysis is to be effectuated.

Yet, even this simple analysis shows that Matsuno's scheme

has,as a rule,a damping effect, and on the whoie is causing

kinetic energy losses.

As an illustration we have computed daily changes of the
total kinetic energy and received values, the magnitude of
wvhich was of the same order as the values above multiplied

by the number of time steps per day.



-123 -

CONCLUSIONS

Two smoothing technicues were applied in our model.
The results lead us to the conclusion that the Matsuno

scheme (Euler-backward scheme ) appears to give better results.

The second order diffusion term, which was first included

in the model was very elffective in dauping waves.

The damping of the short wave lengths prevented accurmlation
of energy at those scales -~ thus stabilizing the solution -

and preventing non linear instability.

Yet, the results seem to indicate that larger wave lengths
were also damped., Thus, in the first experiment, no significant
development was observed after the 4Oth day, while in the second
experiment (which included a humidity field) - a steady state
was attained after the 60th day. The choice of a constant coef~-

ficient of lateral diffusion (A = 102 em?sec™! = 10° m2sec™!

in
our case) vhich is guite common in the numericel experiments
simulating the general circulation, is derived from some large-
scale turbulence theories by Richardson, Batchelor and Kolmo-

sroroff.

Theory and observation indicate that the lateral diffusion
coefficient has a strong dependence on the vertical coordinate,
and changes also With latitude and season. As pointed out by R.F.
lurgatroyd (1969) these values can range from 2x105 - 201106m28ec-1

depending on height, latitude and season.
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Thercfore a more refined and differentiated smoothing
would be obtained if different coefficilents of diffusion
vould be =.ployed at the different levels of the rnodel.

vur results, derived from the use of the second order
diffusion tern of the Iickian type - just open the question
of the practical uvper liunit of any long=-terimn numericcl

intezration - wiich uses diffusion or diffusion-like terms

"for smoothing.

An upper-limit of several weeks (uvp to 50 days) imposes
itself,as it seems that afterwards no significant changes can

occur.

In our third exveriment the llatsuno time differencing

scheme wags uscd, acting implicitly as a smoothing device.

It introduced a diffusion -iike second term in time, but it
had a more sclective damoing action - filtering mainly the high
frequency waves - provided At 1is chosen so thet the scheme

will remain computationally stuble.

As pointed by Y. Kurihara (1965) this gives a relation

betwveen A t and the shortest wavelength we can treat.

An even nore hichly selective damping would presunably
result with the use of a 3~-level time-differencing scheme as
pointed out by durihara (1965). This scheme 1is known under

the name of the ‘odified Luler Backward Iteration.

In the third experiment, the results after a 62 days
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integration show again a typical smoothing effeét - and the

development reached a steady state at the end of the integration
verlod.

However in this experiment, a more realistic distribution
of the field variuables was obtained -~ and they had a higher
degree of symmetry around the central latitude, which was

conserved until the final stages of the integration.

Another feature was,that even-~vave numbers components of
the disturbance at the central latitude were highly damped.
Our experiments point out that the numerical value for the

1
» Was somewhat too

eddy diffusion coefficient, 102 mesec”
large. A confirmation of ouriresults can be seen in A..
Grammeltvelt's (1969) results for the primitive equations. He
shows that using the Euler Backward time-differencing method

for his model gives a decrease in available energy whicﬂ
corresponds to the use of the leap frog time differencing scheme

with an eddy viscosity coefficlientof K = 3.6 X 10& m?/sec.

The introduction of a more refined vertical resolution
(i.e., with more vertical levels) together with more refined
smoothing devices like varigble eddy-diffusion coefficients -
or more sophisticated time-differencing schemes - may promote
more extended and physically significant long=term numerical

integrations.
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AMPLITUDE OF FIRST HARMONIC OF STREAMFUNCTION
AT CENTRAL LATITUDE
{EXPERIMENT 1)
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Fig. 1. Amplitudes of the first harmonics of the stream
function at ;he centrai latitude, at 250 mb and

750 mb. In m/sec.
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Fig. 2. Ampli:udes of the odd wave numbers harmonics
of the stream function at_the central latitude,
at the 250 mb level. In m“/sec.
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Fig. 3. Amplitudes of the even wave number harmonics
of the stream function at,the central latitude,
at the 250 mb level in ln//sec.
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Fig. 4 The latjitude pressure distribution of the zonally
averaged flow & , on the 10th, 20th, 30th and
40th days of the integration.
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latitude and time,
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Fig. 7. Area and pressure averaged energy transformations as a function
of time. ‘

1.0

| ki 1 I T 3 i LN | I
FRICTIONAL LOSES OF KINETIC ENERGY, PER CB
129 IN107kymZ?sec! (BY LATERAL VISCOSITY) -
‘ (EXPERIMENT 1)

106

8n

6C

%)

o1
0 JA 8 12 16 20 24 28
TIME, IN DAYS

Fig. 8. The area averaged transformation of frictional losses of kinetic

energy hy lateral eddy viscosity as a function of time in
.2 =
10'7KJm sec
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AREA SVERAGED KINETIC ENERGY PER UNIT MASS (IN nv sec)
(EXPERIMENT 1)
600 11 T T T H T 1 T T T

00 - . -
’..‘".-"'Qcc-----—"'-ﬁ"§. S _.'.5‘5"-
"\.~§._,/". ..'\--.—.-"
200 -
K250
I il T
’I
100 / -
’I
I‘-“s—’,
4 K7s0

. . R
- e - e e MLl -, T s s s

S

0 I Pcertl FHOTN L., i feeeosels ..
0 ¢ 8 12 % 20 2% B R 3%

TIME, IN DAYS

Fig. 9. Area averaged values of the kinetic energy of the
zonal flow,zthe Eddies and of the total kinetic
energy in m“/sec” as a function of time.
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Fig. 10. Zonally averageg..inflgﬁ ofzsensible heat into unit
column, in kj m
40th days of the integration.
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Fig. 12. Amplitudes of the first harmonics of the stream

functions at the central latitude at 250 mb and 750 mb.

In mzlsec.
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Fig. 13. Amplitudes of the odd wave numbers
harmonics of the stream function at the central
latitude, at the 250 mb level in m"/sec.
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AMPLITUDES OF WAVE COMPONENTS AT CENTRAL LATITUDE
LT 250 mb IN mlisec (ODD WAVE NUMBERS)
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H 1 L H ! ! N : ‘
0 & 8 w2 1 20 24 28 32 3% & 4 L8 52 5% =2
TIME, IN DAYS

Fig. 14. Amplitu’ s of the odd wave numbers harmonics of
the st :am function at, the central latitude at
the 250 mb level. In m"/sec. Exp. ITI, 1967.
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AMPLITUDES OF WAVE COMPONENTS AT CENTRAL LATITUDE
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Fig. 15. Amplitudes of the even wave numbers harmonics of the
stregm function at the central latitude at 250 mb level.
In m“/sec.
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Fig. 16. Amplitudes of,the even wave numbers harmonics of the stream

function in m2/sec ( Exp. III. 1967).

VARIATION OF U. WITH LATITUDE AND TIME
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Fig. 17. ‘he zonally averaged flow at 1000 mb as a function of latitude
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Fig. 18. The latitude pressure distribution of the zonally averaged
~
flow W& on the 48th, 54th,60th and 65th days of the inte-

gration.
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POLEWARD MOMENTUM ELUX (IN mirsec?)
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Fig. 19. The latitude pressure distribution of the zonally
averaged poleward eddy transport of momentum, in
n2/sed on the 48th, S54th, 60th and 65th days of

the integration.



- 145 -

MEAN JONAL MEAT BALANCE PER UNIT COUBMN (N hyt'sel 20
O, LATENT HEAT O, SENSERE MEAL Q. RACWAIION, G, MNET HEATING
{E2PEAMENT 1)

48in Da S4th Day
[Ty T YTy T rroTT o rrTr T T T T Y

0

19
° [ A
12 -
!
. ]
|
!
i Lot

ol 11 8 1.t 3 23 1 1.4 ol g 1 b 2t ¢ 1t 1 t .t
n [ [ [ -] !
LATITUDE LANTUDE

Fig. 20. Zonally averaged heat balance components per
unit column on the 48th, 54th, 60th and 65th days of
the integration.
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AREA AVERAGED WINETIC ENERGY PER UNIT MASS (IN m? sec?)
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Fig. ?1. Area averaged values of the kinetic energy of the
zonal flow, the edgies, and of the total kinetic
energy, in m“/sec” as a function of time.
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POTENTIAL ENERGY TRANSFORMATION AND FRICTIONAL LOSSES PER CB
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Fig. 22. The area averaged transformation of zonal potential
energy into eddy potential energy and of the frictional
losses, as a function of time
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Fig. 23. Area averaged prccipitable water content per unit
‘ column in rund, as a function of time.
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evaporation (solid line)in mm per day, as a
function of time.
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Fig. 25. Zonally averaged relative humidity as a function of
latitude and time.
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Fig. 29. Amplitudes of the first harmonics of the

streamfunction aE the central latitude at 250 mb

and 750 mb, In m“/sec.
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ZONALLY AVERAGED DIABATIC HEATING PER UNIT COLUMM
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Fig. 37. Zonally averaggg inf}ux ofzsensible heat into unit
column in kjm “sec = x 10° on the 10th, 20th, 30th,
40th, 50th and 60th days of the integration.



- 160 -

VARIATION OF Vd! (N cm sec') WITH LATITUDE AND TIME (ExP I)
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Fig. 38. Ths zonally averaged meridional velocity at 250 mb in
cm.sec™ (Exp.1).
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Fig. 39. The zcnally averaged meridional velocity at 250 mb in
i cm.sec-l(Exp.II).
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VARIATION OF Vd! (IN cm sec') WiTH LATITUDE AND TME (EXP @)

Fig.

40. The zonally averaged meridional velocity at

cm.sec'l(Exp.III).

250

mb in
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5 | ENAaS EEEE (S AN URGE SURED SRD SRS BRSNS SR SRS B
T4€ TIME AVERAGED EDDY FLUX OF SENSIPLE HEAT
AT 500 mb (IN 10¥kj sec”'ct') (EXP [, DAYS 10-40)
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The time averaged mean geostrophic poleward flux of sensible

heat at 500 mb. Exp. No, I.
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THE TivE A/ERAGED EDDY FLUX OF SENSBLE HEAT
AT 800 mb (IN 100k; sec™cly’) (EXPT , DAYS 30-60)
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Fig. 42. The time averaged mean geostrophic poleward flux of
sensible heat at 500 mb. Exp. No. 2.
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5 I AR SRR SR (R N R SRS SHRND SN SRR SN SR S BN
THE TIME AVERAGED OBSERVED EDDY FLUX
OF SENSIBLE HEAT AT 500 mb ACCOROING
TO MINTZ (Jan-Feb 1949) (IN 107kj sec ' cb™')
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8 70° &0 S0t 40 30° 20‘SOUTH
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The time averaged observed mean geostrophic poleward
flux of sensible heat at 500 mb -according to Mintz.
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Fig. 44. The kinetic energy losses due to the use of Matsune's time
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AN INTEGRATION OF A THREE-LEVEL QUAST-GEOSTROPHIC
MODEL OF THE ATMOSPHERE WITH CONSTANT AND
PRESSURE DEPENDENT STATIC STABILITY

by

A. Huss and M. Segal

ABSTRACT

The evolution of general circulation patterns
has been studied by means of a three-level quasi-geostro-
phic model.

Two experiments were performed. In the first
experiment static stability remained constant with height,
while in the second it varied with height.

The results were compared to those obtained in
a two level model experiment, with similar features, and
also with distributions obtained from observational data.

The distribution of the various field variables
were found to be similar to those in the two-level model
experiment, however their magnitudes were found tc be as
a rule higher in the present experiment.

Magnitudes of several variables, including wind
velocities, were unrealistically high in the last stages
of integration in the second experiment.
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I. INTRODUCTION

General circulation patterns were studied by means of
a 3-level quasi-geostrophic and quasi-hydrostatic model. The
features of the model are the same as those adopted in the two-
level model described by Huss (1967). The initial conditions,
boundary condrtions, differencing scheme etc. will be described

in the following.

In the two-level model the thermodynamic energy equation
was only applied at the 500 mb level, while in the present experi-
ment the thermodynamic energy equation was applied at two levels,
the 333 mb and the 667 mb levels. The application of the thermo-
dynamic energy equation at two levels instead of one, leads to a
better definition of the vertical p-velocity in the model-

atmosphere.

No release of latent heat and no lateral viscosity were

introduced into the model.

The influx of heat per unit column was formulated in the
same manner, as adopted by Staff Members of Electronic Computation
Center, Japan Meteorological Agency (1965). According to this
formulation the influx of heat per unit column was made proportional
to the temperature difference at the ocean-air interface and to the

geostrophic wind-speed at this level - which was taken as 1000 mb.

Static stability is a function of the spatial coordinates and
time. However in quasi-geostrophic models,as shown for instance by
Wiin-Nielsen (1959), the static stability should be assumed to
vary only in the vertical. Among the models in which the above
assumption was introduced we may mention those of Staff Members of
Electronic Computation Center, Japan Metcorological Agency (1965),
Murakami (1964) and Cressman (1963).
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Two different experiments are described in this
paper. In the first cxperiment, the static stabilities at
333 mb and 667 mb were assumed to be equal to the 500 mb
static stability of the standard atmosphere. Thus in this
experiment, the static  ability is lower at 333 mb and
higher at 667 mb, than the corresponding values in the standard
atmosphere, In the second experiment the standard atmospheric

stabilities are assumed at 333 mb and 667 mb,
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[T. THE STRUCTURE OF THE MODEL

The x,y, p system of spatial coordinates is adopted.
The 0, 167, 333, 500, 667, 833 and 1000 mb levels are indicated
by the subscripts 0,1,2,3,4,5 and 6 respectively. The vorticity
equation, from which the evolution of motion is deduced, was
applied at P;s Ps3 and Pg> while the thermodynamic energy equation

was applied zt P, and Py-

The coriolis parameter {? was taken as the constant

{\= 10'4 sec"l, except where its y derivative, B , appeared. The
-11 -1

Rossby parameter, 3 , was taken as the constant = 1.6 x 10 -'m sec™!,
Y P F

The streamfunctions at Py» Pg and pg are related to the

geopotential,lp , by means of the expression
1.
Uy o= (/A (1)
|

Thus the quasi-geostrophic approximation is adopted, with

N/ = [[K* i .
\fé = K* Vv / (2)
- ’-./L::-
§ =N (3
K = unit- vertical vector
= V = geostrophic wind.
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The thermodynamic energy equation can be written:

2 J )
(3 +V- )“‘aﬂ P ol Lo 20 @)
~ o T et op
dp _ ,
with: (J = % , the vertical p-velocity
@ = the potential temperature

H = the heat added to unit mass
in unit time,
Cp = the specific heat at constant

- -1
pressure = 1004 kjt 1deg h

The hydrostatic equation is given by means of the streamfunction

as :

(3)

I . M
- F %bp P
with : R = the gas constant = 287 kjt ldeg !

The static stability, &  which is assumed to be a function of

the pressure only, is given by:

Z) - D)[' ] a{)/n@
2 TP op (6)

The constants AL i=2 and 1 = 4 are defined as:
_t £ \
Xo= (—f) )

with op =333 mb,

IO |

VTR

Mttd al kil bl

weotliatel et
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In terms of the streamfunction (4) is written:

o

DA gAYV, Wh - R H
3t op “WS%W*” T T {6 P (8)

By applying equation (8) at P, and Py» and replacing the pressure
derivatives by cent~raddifferences, the following expressions

for "’.2 and W, are obtained:

Wy, =N %ﬂ [%: [Y ~fa) = H, 7-,—_‘%—"*\,:,'“("(:7""}/3\]

Oy = 2, 2[R (- t)-H, e Nl

The frictional stress is assumed to be dependent on surface wind and:

the pressure, according to the expression

T =lp) Kaa W, (10)

with Km = mean surface stress coefficient
V, = geostrophic surface wind
The pressure dependence of C(p) is defined by:

.~k

- (1)
Ps

Cp) =
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The amount of sensible hcat entering unit column of the
atmosphere at 1000 mb from the lower boundary (assumed to

represent an ocean surface) was expressed by:

= / -
Q AS Vo (Tg TS) 12)
with : v, = the wind-speed at the surface
Ts = the temperature of the air, near the
surface.

T_ = the temperature of the underlying

surface.

=
"

Constant,

The influx of sensible heat was assumed to become distributed
instantaneously and homogenously throughout the whole column of

air. Thus the influx of sensible heat per cb is given by:

n
= (13)
H= oG

Radiation losses were assumed to be constant throughout the whole
region. Thus, because of a symmetric chocce of conditions, the
structure of the model equations, and by assuming that an
instantaneous heat balance was maintained at eachlinstant of time in

the integration, zero net outgoing radiation results.

Applying the vorticity equation at the three reference

levels PysP3 andps, while using Wy = (¢ as a boundary condition
for w, leads to:




l‘“*‘/‘ﬂ *1‘> ap = gk, (% “)fe = O

(0 0)#n) * Fostsd a3, 0

(% +\, - V)(fff ) 5 5 + 71, {ojv)ﬂc =0 e

The wind velocity at P, and p, was expressed by means

of the values at the two adjacent information levels:

— W+ W,
<
\,y '\\/\ w0 (15)
—_ a
o
Because of the quasi-geostrophic assumption we obtain:

V- Sl =iy = V)= W V)

As

\
/
\\ 3

(16)
‘ i) { R - '\". . e 4 . Y oF
Vot 0 -1 ) =Yg 5)= Vs gy -2)
Eliminating u) and Wy between (9) and (14), while using (16) leads

to the final form of the prediction equation, in terms of the poten-

tial vorticites, at the three information levels P;:Ps and Pg:

08, _ TRTTML W
R T
90, _ _ RATIESALEY D R

(17)

U =¥ VY Ly - ‘P) o M, ;I“CF

where the potential vorticities, 9 ,q5 and qg are defined by the

Lot it

"
L bt v it

I

whid i bl

N sl L
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following diagnostic equations:

(18)

The following averages are used in various computations:
%
T Sd !
( Y= sz‘fk ) £
"o

):-l\—.‘(vl
( v y

(4]

(19)

where x is the length in the lateral extent of the

rectangular region and y its north-south extent .

Let the subscript N and S denote the northern and
southern boundaries respectively. With this notation the

boundary conditions were written:

L 4 ~~—

:\ o = '2_‘." =
( -*5;; )N- [ Sy >s 0 (20
o, = V= 0 (21)

In the x-direction cyclical continuity of the field variables

is assumed,
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The boundary conditions for the potential vorticity will be
discussed later.
For computing the zonally averaged meridional velocity, the

following requirement is made:

Urg = Uyp =0 (22)

where tﬂ is the zonally averaged meridonal divergent

component of the wind.

The zonally averaged meridional divergent velocity is derived

- from the zonally averaged equation of continuity:

2V __ W
T 23)
\ i

/*P (28)

The application of finite differencing at P, and p41eads to:

0 T
T?“ - !"\['«é,\\lﬁa-{»»')/f‘,} ((f Li%)

4
_T% Y N Dm0

; A -
Loy

IS i

(25)

Assuming the Standard Atmosphere lapse rate between 667 mb

and the lower boundary:

C'.’-q .
N — 135
o = 1, (") = Nz (26)
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Integrating (24) between p; and Pg*

Pi. 3
XL
R L[ ' = i;,.;TEM ~0.8i ,
.} 36 -; P P -EI (g:') dP F (P.'_)L‘.'.ﬂ;ﬁ:) JF,.
|7

R | T T 0.5 o.'j:{
- t;f "9 (f;;:f-‘g l_f?b _—'FDS

This equation gives the relation between the streamfunction at Pg
and Ps by means of the temperature at Py~

(27)

The finite difference form of t“e Jacobian term:

- - . - S e M D T S R e e W e P N B e A S G R S e an e = m e

The finite difference scheme for the advective terms
in the prognostic equations was the scheme suggested by A. Arakawa
(1966) . By using this scheme and appropriate boundary conditions,
not only the area integral of the Jacobian vanishes, but also the
advective process described by the finite-difference of the
Jacobian does not leadto afictitious generation of meanenergy and
mean square potential vorticity.

Denoting by ff! the finite difference Jacobian,

and i and j as indices increasing along x and y direction, and by J
the total number of grid points along the y direction, the Arakawa
analogue of the Jacobian at inner points will be:

’,

:T‘m)w, xroa ([ ‘h-u)u-m Ty ) (‘/’hjH “f"ai-n)'
Bens =BV Fons [sgorSemiod = (s ey )
=i (Jiun 7 ,..,,J‘.)+/. TG IO S

i (Yo 00 e ) =G (i s — e -1)

“ i, (Por,; wim ”Lz'”.i"' ) +7f;,_,J_,'(l/)b._,’5,. ~ %, ,,.r)'/

(28)
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and on the boundaries !
ET 0,0 gl
3T ) 0= gl 24 = Form o) 90,0

« (29a)
3o oer =) Do # (Vs —$,)

(L}s "?’;,v)?;q,, +[}"ﬁ,; ~ 2 3»’-5/]

£7093): 2 = i oo+ g -245) gy

4 {y‘;-.,;-i + $io ’LY;})?;—;_J”(%*',J'i - Y’E‘J")'i:f?fl)
—((/’ahr—f “%) S5 =% = Fir-i) ?’i*‘uJ'”j

where W, and Y} are the constant values of Y
on the southern and northern boundaries respectively, aidd /S is
the grid interval.

- - ) T D = S S e o NS e M o o o T e e e . .

For the frictional term, we introduce the Laplacian on
the boundaries in the following way:

j!f,ké,l) ";(A‘:_’)g. [‘7‘/-,: - %)

‘;. f 5T ¢ é‘;;.f% “%‘,J‘-A

The surface velocities required for the calculation of the

(30)

diabatic heating are defined on the boundaries:
e sl f
‘\VJI.O, £t —2s IL}J".(': - y/‘::l,él

Wise = &= 1

(31)
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The calculation of the new values uf the potential vorticity
on the boundaries, is dorne by applying the asbove boundary condi-

tions with equation (17).

The fiuite difference form of the equations

In order to perform the calculations, equations (17)

and (18) have to be re-written in finite difference form.

Centered finite differences replace the time-derivatives

appearing in (17):

-t

ot

(ai) - L}Qﬁ.é‘i*! _ ?/‘;J_.Lv Tt
J T A AL

(32)

The finite difference approximation for the advection

term is given by (28).

The Laplacian of the streamfunction will be approximated as:

h) o 1‘. ‘,L_ o
VY F ey }“i,;?dsr‘((’j"f*ﬁ-ui*“V-o T ATl J‘) (33)

Thus the equation (17) will be approximated by:

b sl 1), - Sisstising
fec\ i g .
~}'<NL‘5P)' sy W "J‘f‘.’u'/l'-" B ?chc% Hz,i,\ifc-lf

e T L AR oS

21 L—)"

‘jk"“af) Ak fe.i,s,0-1 %E}H
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{‘ W, .~ R ~ -t s
L:‘.t“)'t o 75_,%_)&—! At/ '7'5 i_) ~asni e =Y CIB

(3}

.:7 i (“\n;) iy,g . - :11_:: I/
, b, y, T .lj—f "‘,LIJ" ,_—_,J

and the diagnostic equations (18) by:
3"'\"-“'7":[21’5',%3.\:174%5'.:'.3— 7?1—[(1",/':;._},12 —'ya/,d,,',t’)
Povsie = @ew Ve 2 (Ve = V5,05 ) —
- >‘Lt(i/ )_),c. o i,}S,L)J'JTr_)

. ., - ] * ;-,
5,\.‘),7: - LAS;):) 7 }L's/\:,j,,'t"f)"f //U'f'{,\: ;= /'—j—,

The energy transformations

R L L )

The notations and the methdds which are used for
obtaining the energy transformations are the same as descri-
bed by Huss (49(F for the two level model experiment. However
in the present experiment energy transformations must be
computed separately for the lower half of the atmosphere, and
the upper half of the model atmosphere, and the corresponding
values for the two layers are averaged. Energy transformations

are computed per unit column; as follcws :

&Q’,-.,('J(: Efl Q” ,'._9‘) H’fs ru zr]i j{u Z/
X pl oo dt 1 T S Y R
é_l ‘P} - /\’:3[6* l-‘lh (\A )“)L‘ , Lt3 -]
yKT (= [“)(‘{" -7 63, [ - j

iwﬁ=§{

7 ~ (36)

Gy + [ B
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C«AP} 6»"4(7 )’3)"'15,, o(Ji- Wsﬁ

= - “:\1‘3 PR U R Ad7) Hi:(%'”‘f;éﬂ

~ o~ .Ps [(:’L — 'DC.-‘TZ’ . [7ac. o~~~
} KlF / X '(m -.ﬁs)lu, l.i,ﬂ'*‘[‘.j’g)éugmh f 'S"P)SHL,UJ

- - " - -

The diagnostic equation for the vertical velocity w,
is derived by eliminating time-derivatives from the potential-

vorticity equations and the thermodynamic cnergy equations:

Equations (9) can be written as :
R
2 [~ ) T(sv,.,g)ﬂup +H, T,
n (37)
3 (8- Tlos. ) 100 255, 4,

By using (17) and (18) we obtain e Cortoring cqustions:
7v‘{50 */’) = \‘_[y -fa) Dyl - %) = -J[y;,c/).pj/% )
-p v‘_u} _‘71( 3? “‘-JV A fj'q[ K, - ‘,H{)

%vl{%‘-%H%m_f\/d-v:e.)ww .

(38)

-“J(‘f" U[‘}S'ﬁj B(fb)/h‘( ” YV ¥ :;']Zpbzf' S j
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Eliminating %(y’r%) , % (¢ — \fj) , % V’(\ﬂ -‘7‘3\
and g;\? (¥3=¥5) by means of (37) we obtain the final form of the

diagnostic equations for W:

2 5 4 |
v wz - )‘A,,L(‘Jl, -H_D,i %y = f;’l Q;AJ/'/)., ‘/j) - )‘/]’[%l ‘/5)*

H09.4)-T19, ) =P 149174 (D e

T %%) AN

Ny - 2y sy = {20 (%.ws) 08, w)
17 (%,%) J[%%)#w ) e) (%) Jo-

- Ty, ) - ,ﬂ v Hj
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ITI. EXPERIMENT I

The static stabilities at P, and p, were assumed to be
both equal to the Standard Atmospheric value at P;. The duration
of experiment I, was 31 days.

Fig. 1 shows the variation of the amplitudes of the first
harmonics of the streamfunctions at the central latitude, at 167, 500
and 833 mb, as a function of time.

In the first 10 days an almost exponential increase in
amplitudes is observed. During this period the magnitudes of the
amplitudes at 833 mb and at 500 mb are almost equal., Following this
initial increase, a sharp decrease in amplitudes was observed and

5

on the 12th day the amplltudes reached local minima of 57 x 10" m /sec

at 833 mb, 95 x 105 m' /sec at 500 mb and 157 x 10S m-/sec at 167 mb,
After attaining these minima (the only pronounced minima of the
entire run) the amplitudes grew rapidly until the 16th day.
Thereafter and up to the end of the run, a generil trend of slow

increase in amplitudes was observed, accompanied by small oscillations.

The variation of the zonally averaged zonal component of the
wind, at 1000 mb, as a function of latitude and time is shown in Fig. 2 .
Except for the last days of the run, the boundaries separating
easterlies from westerlies were located in the south, between j = 4 and
j = 5, and in the north, bétween j = 11 and j = 12. The maximum intensi-
ty of the westerlies was obtained always at the central latitude.
The first maximum, observed on the 12th day, had a value of about
10 m/sec, and was accompanied by low values of the amplitude of the
disturbances in the streamfunctions. Other dominant maximum-velocities
vere attained on the 18th, 22th and 30th days. The last one had a
value of 15 m/sec - the highest value observed during the entire run.
The highest speed of the easterlies, - 6 m/sec, was observed on the
18th and on the 30th day . Maxima of surface wind velocities were
larger than those observed in the two levels model experiment. Thus

frictional energy losses, and the influx of sensible heat from the
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surface, being dependent on surface wind velocity, could attain

larger maximum values.than in the case of the two level model.

The zenally averaged zonal flow as a function of latitude
and pressure for 3 selected days is shown in Fig. 3. On the 13th
day the region of casterlies extended to j=5 at the south and to
j=11 at the north, and penetrated somewhat beyond Ps- The maximum
values of westerlies were attained at the central latitude. The
velocity at p; at the central latitude was 55 m/sec, while at P3

and Pg the corresponding velocitics were 26 m/sec and 13 m/sec respec-

tively.

On the 21st day the distribution and intensity of
easterlies remained almost the same as on the 13th day. At the upper
levels a split'jet" had developed with two maxima north and south
of the central latitude. The velocity at pys at the central latitudes
was 32 m/sec, while the maximum velocity at this level, 37 m/sec,
was located between j=5 and j =6 and between j=10 and j=11. The
splitting of the jet at pgwas less pronounced, while at pg mo
such feature was observed. Compared with the 13th day, the intensity
of the westerlies had decreased, the decrease being most

pronounced at the central latitudes.

On the 31st day the northern and southern regions of
easterlics were considerably smaller in lateral extent and height,
compared with correpsonding regions observed on the 21st day.
Easterlies were also observed between j=7 and j=9, penetrating
somewhat beyond Ps- The speed of the easterlies was very low and
did not exceed -1 m/sec. No slight easterlies of this nature appeared

on the days preceeding the 31st day.

A very pronounced splitting of the belt of the westerlies,
with two maxima at about j=5 and j=11,was observed at all levels.
The velocity at p, at the central latitude was 22 m/sec, compared
with a velocity of 42 m/sec at j=5 and j=11. The maximum values
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at P3 were 24 m/scc, while at the central latitude a value of only

1 m/sec was observed.

The mean poleward flux of momentum on the 10th and on

the 20th days asa function of latitude and pressure is presented

in Fig. 4.

On the 10th day two well-defined regions were observed
in the northern and southern halves of the¢ model-atmosphere, with
positive flux in the south and negative flux in the north,
having identical magnitudes at symmetrical location with respect to the
central latitude. At P; the maximum positive and negative values, of
182 mz/secz,were‘observed at j=5 and j=11 respectively, compared

2

with maximum values of 10 mz/sec at p, and 9 m%%ecz at Pc- Thus,

momentum was transported predominantly at the upper layers.

On the 20th day broad regions of momentum transports towards the
southern and northern boundaries (the highest value at P being

163 m%éecz) were observed in the south and north respectively. Posi-
tive momentum transports were observed in a relatively narrow region
south side of the central latitude, while corresponding negative
momentum transports were observed north of it . In these regions
transports were less intense. On the 20th day as well as on the 10th

day most of the momentum was transported in the upper layers.

Various cnergy transformations are shown in Fig. 5 .
The energy transformations {?}p’f and {pﬂxif were both
consistently positive during the entire run. The changes of one of
these transformat{ons were parallel to those of the other .
Except for the first 12 days, the differences between the values of
these transformations were quite large. Thus only part of the total
amount of zonal potential energy which was converted into eddy
potential energy, was transformed into kinetic energies of eddies.
The highest values of {ﬁ. P'y and 4¢,<'}  amounting
to 43.2 x 1072 kjm™2 1 2nd 19.2x10"5kjm ?sec e ™!

sec-lcb kjm “sec” “cb respectively
were observed on the 30th day., The average values of {i5,y}
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S

and 5 i

obtained in the two lcvels experiment.

were considerably higher compared with those

During most stages of the run the {Ld ?; transformation
was lower than the {?.Pﬁ and ~5PZK7 transformations .
Negative values of Quﬁzﬁ were observed several times

during the run,

The conversion of heat into zonal potential energy was

" consistently positive, while conversion of heat into eddy potential

energy was consistently negative. The numerical values of the first
transform were slightly larger than those of the second transform. Thus

available potential energy appears to increase somewhat due to heating.

The frictional losses of zonal kinetic energy were small, with

2 1,-1

a maximum of 32x10'5kjm' sec cb . The frictional losses of eddy

kinetic energy increased with time and reached a value of 11.3x10'S

1

kj.m-zscc-lcb- 1at the end of the run.

The change with time of the various components of the kinetic
energy is shown in Fig. 6. At each level the kinetic energy of the éddies
increased in general with time. Normally a situation of this nature was
accompanied by a decrease of the kinetic energy of the zonal flow.
However, no balance was observed anda steadyincrease in the total averaged
kinetic energy took place. At the two upper levels the kinetic energy of
the eddies exceeded the zonal kinetic energy from about the 18th day,
while at Ps this was the case already from the 12th day on. Following
these dates an increase in the kinetic energy of the eddies and a decrease

in. kinetic energy of tie zonal flow was observed at all levels.

The total averaged kinectic energy had a value of about 330
2,
m/‘/scc2 during the formative stages of the run, and rose to 1040 m%éecz

at the end of the run,

Fig. 7 represents the distribution of the zonally averaged diabatic

heating per unit column, for the 13th,621st and 31st days. Due to the
structure of the equations and the initial conditions, the distribution

is antisymmetrical around. the central latitude. On each of those three
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selected days, the southern half of the region gained heat, while the
northern half lost heat, 7

On the 13th day heating has a maximum value of
0.05 kjm “2.ec! at j=3, and cooling the negative correspcnding
value at j=13. The uagnitude of the heat influx was considerably

-’

larger on the 21st and 31st days. The maximum value on the 21st E
-1 3

day was 0.29 kjm'zsec'l, and on the 31st day 0.35 kjm_zsec

These values are about twice the maximum values obtained in the

two level model experiment. ;

The latitude-pressure distribution of the poleward
flux of sensible heat is shown for 3 selected days in Fig. 8. _ E
Positive values predominated., On the 13th day, the negative sensible
heat flux values were observed at the upper level near the southern

and northern boundaries; however,thc niagnitudes were very small, :

On the 21st day the negative values disappeared, and a
| very pronounced intensification of flux took place. A maximum value :
' of 72x10° kjsec-lcb-l was observed at p, at j=8  while at p, 1

| two maxima of 50x10° kjsec_lcb'l were observed at j=7 and j=9.

Further intensification of sensible heat flux values
was observed at p, on the 31st day, and a maximum value of

210 kjsec'].'cb-1 was located at j=8.

bl bl o N i
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IV, EXPERIMENT IT

The amplitudes of the first harmonics of the disturbances
at the central latitude, at the three reference levels, as a function
of time, are shown in Fig. 9 . Broadly speaking, the variation

of the amplitudes at the three reference levels was similar.

During the formative stages, the familiar pattern observed
in Experiment I was repeated ; a steady, nearly exponential growth
at the three levels, with only a small decrease within the first day.
The first maximum was attained on the 13th day, amounting to
128x10° m%ec at 833 mb, 193x10 ° m’/sec at 500 mb and 133x10

mzlsec at 167 mb. From now on up to the end of the run the amplitudes

5

oscillated . These oscillations at the different pressure levels were
not in phase. However, the dates : at which extremal values appeared

at the different levels, did not vary by more than a day or two.

Low amplitudes were observed at the three levels approximately
on the 23rd, 31st, 39th,46th and 51st days. The lowest value
at pg was obtained on the 45th day, amountlng to 52x10 m [sec, at p,
on the 46th day, amountlng to 70x10S m /sec and at p, on the 39th day
amounting to 77x10 m/sec .n the whole the amplitudes at the two lower
levels had the same order of magnitude as those observed in experiment I.
However, the average amplitude at the upper level was smaller

in the present experiment, due to the greater stability at this level.

Fig. 10 represents the mean zonal wind at 1000 mb, as
a function of latitude and time. During the first 31st days the
distribution and intensity of surface wind were similar to those observed
in experiment I. Thereafter, the region of westerlies narrowed and
disappeared entirely at about the 36th day. Unitl the 45th day easterlies
prevailed at all latitudes, having a maximum of -5 m/sec at the central
latitude . The familiar distribution of surface wind reappeared at

about thé 45th day.
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The first three maxima of westerlies were observed on the
16th, 23rd, and 31st days, reaching values of 13 m/sec, 8 m/sec and
15 m/sec respectively. The intensification of the westerlies was
accompanied by an intensification of fhe easterlies flanking them

and hy a reduction of the amplitude of the disturbance at Ps -

The distribution of wind was similar to that observed in
the two-level model experiment (except for the period where easter-
lies became dominant throughout.the entire region), but wind speeds

were somewhat larger in the present experiment.

The latitude-pressure distribution of W for 5 sclected
days, is shown in fig. 11. On the 13th day surface easterlies were
observed in the south and in the north regions, penetrating close
to the lateral boundary beyond Pg- The highest velocity in the
easterlies was observed at j=3 and j=13, with values of -5 m/sec. The
westerlies prevailing over most of the region, are characterized
by smaller vertical wind shears at the lower layers compared with
those at the upper layers. The maximum velocity at Py is 47 m/sec,
abserved at the central latitude. A similar pattern was observed

on the same day in Experiment I.

On the 2lst day the distribution and intensity of the
easterlies remained almost unchanged. A slight splitting in the
westerlies was observed at p3, without appearing at Py and Pg-

The westerlies were almost equal to those in the previously described
day. Compared with the same day in experiment I, the wind had a
similar distribution but somewhat higher velocities.

On the 31st day a considerable intensification and extension of
easterlies was observed ; laterally they were found to prevail
beyond j=5 and j = 11 and vertically they had penetrated somewhat
beyond Ps. Maximum easterly velocities were attained near the

surface at j=3 and j= 13, with -8 m/sec.
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The westerlies also intensified, reaching values of 67 m/sec

and 30 m/sec respectively at Py and pzat the central latitude.

On the 39th day easterlies were found to prevail throughout
a shallow layer near the surface, with an upward bulge penetrating

vertically up to py in the central part of the region.

The westerlies were split, with two maxima of 75 m/sec and

14 m/sec located at j=6 and j=11 at p, and Pz respectively.

The vertical wind shear in the upper layers was extremely

large compared with the shear observed in the previous days.

On the 53rd day no easterlies were any longer observed at
the central latitudes. They recovered their normal spatial distri-

bution, with quite a small intensity, not exceeding -3 m/sec.

Compared with the 39th day considerable intensification
of westerlies was observed, the velocity at the central latitude at Py

rising beyond 95 m/sec.

On the whole the wind velocities at the upper layers were

larger than those observed in the two-level experiment.

A three-level model, by its very nature, enables a vertical
resolution of the vertical shear. In the present experiment a strong
shear was generated in the upper layer and a weak shear in the lower

layer.

The latitude- pressure distribution of the poleward eddy
mrmentum transport is shown in fig. 12 for a number of selected
days. On the 13th day the northward flux was contained within the
southern half of the region, and the southward flux,with symmetrical
magnitudes around the central latitudq in the northern half. The most

2

intense momentum fluxes of + 79 m2/sec were observed at P3» j=5

and j=11. Highest values of momentum transport at p, were observed

at j=4 and j=12, amounting to 72 mz/secz.
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The pattern on the 3lst day remained almost the
same as that on the 13th day, but considerable amplification
took place. The largest transports,positive and negative, were
located at j=5 and j=11 at all the levels with magnitudes of
135 m%éecz, 144 mz/scc2 and 57 m%@ccz at p;, Pz and Pg respecti-

vely.

On the 53rd day the pattern became quite complex, with
strips of negative values alternating with strips of pesitive
values. The maximum intensities were located in the upper levels.
Somewhat similar patterns ,with about the same intensities, were
also obtained in the case of the two level model at some stages

of the integration.

The energy transformations are presented in Fig. 13.
Compared with experiment I thec values of {7, p} and %pix'f
were generally lower. The magnitudes of these two transformations
during most stages of the integrations difiered
while the pattern of their variation with time was similar,

Low values of the transformations were accompanicd by low

values of stream function disturbances.

7
i

During the first 23 days the values of 53,FT and {P:Kf

are quite low . .During :the following days a steady increase both

in QF,W} and ¢’ %] was observed . On the 27th day the

maxima of 20.4x 10'5>kjm'zsec'}€%nd 15.2 x IO'Skjm'zsec'ldé”
respectively were obscrved, followed by a decrease to quite low
values. However, toward the end »f the run the transformations
increased again attaining their highest values during the entire

run on the 58th day: 30 x 10-5kjm'%fénd 21x10—5kjm-25cc-lxid
respectively. Negative values of both transforms were observed

between the 35th and 37th days.
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The {'M',v‘(}transformation_ as in Experiment [, was occasionally
negative, Towards the end of the run large-amplitude fluctuations of
this transformation were observed. Generally speaking, the magnitudes
of the transformations were quite sim&lar to the corresponding values

in the two level model.

The conversion of heat into zonal potential energy was
consistently positive, whde the conversion of heat into eddy poten-
tial energy was almost always negative, except that during some

stages of the run this transformation vanished.

Except for the first 20 days, the values of the first
transformation were considerably larger than those obtained for the
second one. In the two-level model, and in Experiment I, both trans-

formations had almost the same absolute magnitudes.

The maximum value of  {§, Ff was observed on the
5 kjm—zsec}l{;' On the same day {a’l P}

29th day, amounting to 19.2 x 10~
S kin~? sec™led!

had its minimum value, amounting to -3.8x10"

It will be noticed that, as has been observed also in the two
previous experiments, maximum values of fﬂf,ﬁf‘ were generally

accompanied with minimum values of { @ o

The 5§,E‘ values were quite small; moreover, during
some stages, this transformation became negative. Such negative
values occurred during the days in which surface easterlies were

observed at all latitudes.

The frictional losses of eddy kinetic energy did not exceed

5 -2

7.2 x 107 sec’%tiCompared with the corresponding period in

Experiment I their values were found to be lower, but still larger than

kjm
those observed with the two level model,

The march of the various kinetic energy components with time is

shown in Fig. 14. Qub? values decreased slightly
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during the first 21st days. Thereafter anoticeable growth

was observed, up to 2453 m}%ecz on the 57th day. K'167 values

were consistently lower than ﬁiﬁ} values, as was also
observed in Experiment I. Their magnitudes.were lower than during
the corresponding period in Experiment I. On the other hand K' 67

values werc higher in the present experiment.

At Pz the kinetic energy of the eddies exceeded during some
stages the zonal kinetic energy  however toward the end of the run
R500 again exceeded Kypp  -The maximum of i,
amount to 160 mgéecz (the initial value of Kspo was 146 mz/secz.
The maximum of kgoo observed on the 30th day, amounted
to 219 m/éec . Compared with experiment I the Koo average values
obtained in the present experiment, were about the same, while hf;oo

values were considerably lower.

Except for the first 19 days, the kinetic energy of the
eddies at PS exceeded the zonal kinetic energy. Its highest value of
120 m//ec , was observed on the 29th day, while the maximum value of
the kinetic energy zonal flow amounting to 45 m /sec2, was observed
on the 31st day. The average magnitude of both quantities was similar

to that observed in Experiment I.

The area averaged kinetic energy, including all components,
2
at the

end of the run. In the present experiment the rate of increase in total

increased from the initial value of 328 m}éecz to 1175 mz/sec

kinetic energy was larger than during the corresponding period in
experiment I. On the 31st day total averaged kinetic energy was almost

twice the value observed in Experiment I,

The zonally averaged diabatic heating, .as a function of la-
titude, for 6 selected days, is shown in fig. 15. Except for the 3lst
day the heating values were quite moderate, and their maxima were
between 0.07 kjm'zsec'1 to 0.16 kjm'zsec'l. Similar maxima are obser-

ved in the two-level model experiment. On the 31st day the maximum
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=2 -1 .
wias 0.35 kjm “sec . Generally, the magnitudes of both heating and
cooliag were seen Lo Le of the sume order of magnitude as those

obtained by Clapp (1961) for the winter period.

Fig. lo represents the poleward flux of sensible heat as a
function of latitude and pressurc for 5 selected days. On the 13th
day sensible heat flux had negative values near the northern and
southern boundaries; however the absolutemagnitudes were small
compared with the positive values around the central latitude, where

a maximum value of 42%10° kjm sec lep !

was obtained at p, ,
Intensification and spreading of negative values was observed on the
21st day, positive values were dominant at the lower levels, while

negative values dominanted at the upper levels,

A similar distribution was observed on the 31st day. However,
the region with negative values contracted, A maximum value of
4dx102 kj-scc'lcb'1 was obtained at p,, at j=8 ,compared with
24X102-kj sec-lcb°l, observed at p, at j=3.5 and j=12.5.

On the 39th day positive values prevailed almost
throughout the whole regions, but the magnitude of the flux at p2
was considerably smaller than that at py. On the 53th day most values

were positive. Maximum values were obtained at Py

Generally, the variation of the sensible heat flux at p, was

small, compared with pronounced changes observed at P,-

Fig. 17 shows the time-averaged zonal flow (for the 38th-60th
days),Except for a slight splitting at Pz the westerlies had one
maximum, at the central latitude. The most intensive velocity of
the westerlies was observed at P;. At the central latitude the velocity
reached 90 m/sec, compared with a 17 m/sec velocity at Pz Easterlies
were observed at the edge of the southern and northern regions, their

intensity being low, not ecxceeding -2.2 m/sec.

The vertical shear of the wind velocity was very pronounced
in the upper half of the model atmosphere, as compared with the lower
half.



- 195 -~

In the representation of the zonal wind distribution’
in the northern hemisphere, by Mintz (1954),based on real data,
the jet is situated around 30°N in the winter, and its highest
intensity of 40 m/sec is found at 200 mb. Likewise, easterlies’
are observed at northern latitudeswith maximum intesity of
-S5m/sec. Thus the jet intensity in our experiment is about
twice that of the real atmosphere, while the easterlies are less

pronounced.

Fig. 18 represents a time-averaged eddy momentum
transport. The values were posifive over the southern half
region, and negative over the northern half., The flux had extre-
mal values of + 48 m2/sec2 at j =5 and j = 11, at p . The
maximum values at Pjamounted to 8m2/sec2, and were ob%erved at
the same latitudes. The momentum transport at pg was very

small .

The poleward momentum flux in winter as estimated
by Holopainen (1967) has its maximun of 66 miec’ at 250 mb
and is located at 30°N,

Fig. 19 shows a time average of the poleward flux of
sensible heat, as a function of latitude and pressure., Positive
values prevailed almost throughout the whole region. The
values at Py and Py had similar magnitudes. Tho sensible heat
flux maxima were observed at the central latitude, with
18 kj—sec:.'lcb'1 and 15 kj.sec.1 cb!
The values of sensible heat flux decreased gradually toward

at p, and Py respectively.

the northern and southern boundaries.
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V . CONCLUSIONS

Two numerical experiments dealing with the evolution
of atmospheric general circulation patterns were performed by
means of a 3-level quasi-geostrophic and quasi hydrostatic model.
In the firs: experiment static stability was assumed to be
constant with height, while in the second experiment it varied in the
vertical. These experiments were compared to earlier experiments

with a two level model.

The resulting patterns of the various field variables
showed a certain resemblance to those of the earlier experiments;

however ﬁagnitudés of field variables were generally larger .

The amplitude of the disturbances in the streamfunctions at the

central latitude on the upper level were smaller in Experiment II,
than the corresponding amplitudes in Experiment I, due to the
greater stability at this level in the second experiment.

The distribution of the zonal surface wind was generally
similar in both experiments to that observed in the two level
model experiment. However, wind speeds were somewhat larger in the

present two experiments,

The time averaged zonal speeds in the westerlies in the
upper layers were considerably higher in Experiment II than values

observed in real atmosphere.

The distribution of eddy fluxes of momentum was occasionally
quite unrealistic, and varied considerabiy from day to day. A time
averaged distribution for 23 days , in the case of experiﬁent 11,
showed pronounced negative eddy momentum flux in the northern
region,

The transformations of zonal potential energy into eddy
potential energy, and from eddy potential energy to eqddy kinctic
energy, had a similar pattern of variation with time, in both
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experiments. Low values of thesetransformations were accompanied by low

values of the streamfunction disturbance.

Duc to more intensive surface wind speeds, transfernations
of heat into potential energy, and frictional losses were higher

than those observed in the earlier experiment.

In both experiments a steady increasc in the total averaged
kinetic energy was chserved, due to tne fact that there was no
balance between kinetic energy of zonal flow, and kinetic energy of the

eddies.

The magnitudes cf the zonally averaged diavatic heating were
generally higher in Experiment I than those observed in Experiment IT.
The magnitude of both heating and cooling were seen to be of the same

order of magnitude as those in the real atmosphere during winter.
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AMPLITUDE OF FIRST HARMONIC OF STREAMFUNCTIONS

AT CENTRAL LATITUDE (EXPERIMENT 1)
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Fig. 1. Amplitudes of the first harmonics of the stream-functions
at the central latitude at 167, 500 and 833 mb.
In m2/sec. Experiment I.
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VARIATION OF (e WITH LATITUDE AND TIME
(EXPERIMENT 1)
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MEAN ZONAL FLOW (IN m/sec)
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Fig, 3. The latitude-pressure distribution of the zonally averaged
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flow, U, on the 13th, 21st and 31st days of the integration.
Experiment 1.
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POLEWARD MOMENTUM FLUX (IN_m¥Usec?)
(EXPERIMENT 1)
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Fig. 4. The latitude-pressure distribution of the zonally averaged
northward eddy transport of momentum, in m/éec > on the 10th
and 20th days of the integration. Experiment I.
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5. Area and pressure averaged energy transformations, including

frictional losses, as a function of time. Experiment I.
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ZONALLY AVERAGED DIABATIC HEATING PER

UNIT COLUMN (EXPERIMENT 1)
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Fig. 7. Zonally averaged influx of sensible heat into unit
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column in kjm sec 1x 102, on the 13th, 21st and 31lst days

of the integration. Experiment I.
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Fig. 8. The latitude-pressure distribution of the zonally
averaged poleward flux of sensible heat in kj sec-lcb-%xufz,
on the 13th, 21st, and 31st days of the integration. Expe-

riment I.
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C OF STREAMFUNCTIONS AT CENTRAL LATITUDRE
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Fig. 9. Amplitudes of the first harmonics of the stream-fun\éti-)ns
at the central latitude at 167, 500 and 833 mb in m°/sec.

Experiment I1.
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Fig. 10, ‘The zonally averaged flow at 1000 mb as a function of
latitudc and time. Lxperiment IT.
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Fig. 15. Zonmally averaged influx of sensible heat into
unit column, in k_jm'zsec-l)(lo2 on the 13th, 2lst,

31st, 39th, 46th and S§3rd days of the integration.
Experiment.II.
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Fig. 17. Time averaged {38th-60th days) latitude-pressure
distribution of the zonally averaged flow. Experiment II.
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MODEL INVESTIGATION OF THE TIME DEPENDENT
DISTRIBUTION OF RADON

A. Huss and M. Segal
Department of Meteoroclogy, Hebrew University
Jerusalem

and

G. Assaf
Isotope Research Department, Weizmann Institute
of Science, Rehovot

Abstract

A three-level quasi-geostrophic model of the atmosphere has been

used to obtaina three dimensional time dependent radon distribution.

Several experiments were performed in which radon was introduced
at the lowest level. The sources weredistributed uniformly - either over the
whole region, or over one half of the total region, The distribution of radon
was observed to respond quite realistically to the large scale atmospheric
flow, and particularly to the convergence-divergence patterns, i.e. to the

distribution of the vertical components of the motion.
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Introduction

Studies of trace elements in the atmosphere are concerned as
a rule with two domazins, that of the large scale processes and that of small
scale phenomena, 1i.e. tracers have been widely applied to the study of prob-
lems of stratospheric and tropospheric mixing (Hunt and Manabe, 1968,
Machta 1966 and others), and to the study of the mean residence time of
aerosols (for example several papers reviewed by Junge, 1963). In these
studies synoptic-scale disturbances were treated as large-scale eddies and
their detailed structure was not taken into account. On the other hand the
scavenging of tracers and their transport in the boundary layer were treated
by several investigators (Greenfield, 1957, Gat and Assaf, 1968 and others),
under the assumption that synoptic features are large-scale phenomena. Only
:in a few studies dealing with trace elements (Danielsen, 1968) was the syn-

optiz scale, including its variations in time and space,considered as the scale
of interest.

A scale analysis (Assaf, 1969) assuming steadiness and uniform-
ity, indicated that the radon distribution is sensitive to the divergence regime
and might be used as a measure of the vertical wind on the synoptic scale. How-
ever, these are very strong assumptions, if we bear in mind that the mean
life of radon is of the same order of magnitude as the period of synoptic oscil-
lations. Moreover, changes in the source distribntion may become quite im-
portant, particularly once we are dealing with the effects due to ocean-continent
contrasts. The aim of this paper is to substantiate this approach by studying
the response of the radon distribution to different source distributions and to

different patterns of atmospheric motions.

It was realized that it would be easier, in the first step in this

direction,. to make use of a rather simple and crude numerical model, rather
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than to advect the radon by an observed real distribution of winds. As the
simplest possible model adequate for our purpose, a three-level quasi~
hydrostatic and quasi-geostrophic model was chosen. This model generated
a streamline field at 3 levels, and vertical velocities at 2 levels. Needless
to say, the model does not provide a very accurate analogue of the general
circulation of the atmosphere, nor was it intended to do so. Several import-
ant dynamical processes were disregarded, such as small-scale convection
and diffusion. The aims of the experiment were not to obtain at this stage
realistic three-dimensional distributions of radon, but to observe how radon,
introduced at the lower boundary of the model, would react to a time-dependent
circulation - and in particular, what its schematic distribution would look

like in regions where horizontal divergence or convergence respectively dom-

inate.
The Model

The calculation of the velocities required to transport the radon
were obta'ined by rfxeans of a three level quasi-hydrostatic and quasi-geostro-
phic general circulation model incorporating diabatic heat sources and surface
friction,whose details will be described elsewhere (see third article in this
report) and which resembles in many respects the model constructed by
Phillips (1956). rhe prognostic equations were applied at three pressure
levels 167, 500, 833 mb, to be denoted by indices 1, 3 and 5. The predicted
values were the potential vorticities from which the geopotentials at the three
reference levels (proportional to the streamfunctions) were derived by means
of an inversion procedure. From the streamfunctions the rotational component
of the horizontal wind was obtained. The potential vorticity in the model is
advected horizontally only by the rotational component of the wind, while no

advection in the vertical is assumed.

The initial conditions correspond to a baroclinically unstable

zonal westerly flow, constant at each level, with a small perturbation superimposed
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upon 1t. At the lower boundary the velocity is assumed to vanish. As tim>
went on a jet stream developed in. the upper level of the mode: atmosphere,
and easterhies were genzrated in the lower layers in the north and in the
south. Lows and highs evolved at the surface, and became displaced to the
nortl: und to the south respectively. Thus, the model was capable of genera-

ting some of the basic features of the general circulation of the stmosphere.

It was consirdered essential to introduce vertical advection of

radon. The model allows a diagnostic computation of the vertical p-velocity,
W . at 333 mb and 666 mb, denoted as levels 2 and 4. These velocities
were used to advect radon vertically. .« was assumed to vanishat p= 0
and at p = 1000mb. Thus it is not required to specify the radon concentra-
tion at the top or at the bottom of the model atnosphere. It is quite obvious
that the introduction of vertical advection required taat the horizontal advec-
tion should be not only due to the rotational component of the wind, but also
due to thé divergeht component, in order that the total mass of the material
advected should be conserved (except for decay processes). The divergent

components were obtained by relaxation from the w -~ distribution.

The prognostic equation for concentration of radon was:

W
(\

[&

- % (uy —’_g_\r(w) - %-P(wc)-x(_-t. S,

Q

(1)

it

in which: ¢ concentration in atoms per ton,

X, y - the horizontal coordinates

u, v - the horizontal components of wind,
P - pressure,
w - dp/dt,
b

the decay constant,

w
'

the source constant.




u=u + u, ; v=yv + v (2)

The rotational components ug, vg were obtained from the quasi-geostrophic

stream-function, while the divergent components u 5 v d were obtained by

means of
_RL . ERLY S 2y o N
W = 3% ) Vo\-,w!\77(,- _‘7;%/ (3)

from a velocity potential.

Equation (1) is applied at levels 1, 3 and 5, and the derivatives are
approximated by finite differences. To avoid mathematical instability
centered time differences replace the time derivatives and the decay term

was evaluated at time step T-1.

Using a rectangular grid with identical increments in the x and

y direction (ax = Ay), the following equations are obtained:
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where < , i and j identify the discrete values in time, x and y, and

T T e -
- _(,‘!3 ‘\‘LI]\ wi;l

i

Lx 33.3 /
. T T T
L= Lb s,
Lx Ay

g
“°
"

3% .3 e
(6)

. Cyclical continuity was assumed in the x direction. The vertical advection
and the divergence term were neglected at the northern bound~ries. These
_boundaries were treated from the point of view of the dynamics involved, as

"solid" walls. Time increments of 1 hour, space increments of 444 km,

and a grid size of 15 x 15 points were used.

The source at level .5, introduced into the atmosphere 1100 stoms
per ton per sec., which is equivalent to 336U atoins per m2 per sec. Two
different source distributions were used: (a) A uniform distribution over
the whole region. (b) A uniform distribution over the western half of the
region defined as the ''continent", while the eastern half, without sources,
was defined as an "ocean''. A third numerical integration (c) was carried
out with the same sourcc distribution as (b) but with different initial condi-

tions.

In (a) and (b) radon was introduced on the 10th day of the

dynamic experiment, while in (c) it was introduced on the 16th day.
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Results and Discussion

The radon distribution was allowed to evolve between the 10th
day and the 23rd day and between the 16th day and the 23rd day of the
circulation experiment for cases (a), (b) and case (c) respectively.

3 days were selected for a detailed analysis: the 14th, the 18th and the
22nd days. These days are characterized by different distributions of the
vertical velocity. Fig. 1 to 6 show the radon distribution at levels 5 and
3, superimposed on the vertical wind field at level 4 on the corresponding

days.

On the 14th daythe circulation is characterized by well defined
centers of the convergence and divergence. The area with lw] V4 10-4cb/sec
is quite extensive. The developing circulation up to this stage, acting on
an initially uniform concentration introduced at day 10, results in a‘rather
regular distribution of radon. The iso-concentration lines of radon are
roughly parallel to the lines of constant vertical wind, and the maxima of
the radon concentrations at levels 5 and 3 coincide with the maxima of up-
ward vertical wind. This regular pattern is most pronounced in experiment
(a) where the source is uniformly distributed over the total region, but even
in experiment (b), where the center of the convergence is located over the
"*ocean', i.e. over the region which does not introduce radon into the air,

tongues of radon are directed towards this center.

Day 18 has a different distribution of vertical velocities, with
two separate cells of relatively small magnitudes of the vertical wind. The
arca over which |w| > J.o-4cb/sec is very small, and in one of the cells
does not exceed 0.3 » 10_4 ch/sec. As a result horizontal transports become
dominant, as can be seen from the elongation of the iso-concentration curves

of radon due to the zonal flow.



Day 22 is again characterized by relatively high magnitudes of
the vertical wind. Here again the correspondence between the vertical wind
and the radon concentration is quite remarkable. I'ig. 7 presents the dis-
tribution of radon in experiment (c) superimposed on the radon distribution
in experiment (b). The correspondence hetween the two is indicative of the
short "memory" of radon; its distribution is almost unaffected by the pr.-
vailing flow pattern at the moment at which radon is introduced first into the

model atmosphere,

The meridional distribution of the zonally averaged concentration
of radon is shown in Figs. 9 - 14. A pronounced correlation with the vertical
velocity was observed on the days with strong ascent and descent of air Thus
on days 14 and 22 the zonally averaged vertical wind at level 4 has a strong
effect on the zonally averaged distribution of radon. The distribution cbserved

on day 18 on the other hand, was quite erratic.

Fig. 15 gives the ratio between the total raden content of the west-
ern half of the region and the total content of the eastern half. In experiment
(a), where the source is uniformly distributed, the fluctuations reflect the
changes in the convergence-divergence patterns generated by the model. In
experiment (b), with the sources located in the western half of the region, the
trends are somewhat similar to those in experiment ‘a), but the ratio is ob-
viously lower. The relative amounts of radon at different levels at the end of
the integration period (23rd day) are presented in table 1, in the form of per-~

centages.

evel 1 3 1
EXp. (833 mb) (500 mb) _(166mb )
(a) 89 9 2

(b) 85 12 3




Summary

The prehiminary numerical experiments, described above/ generated
time dependent radon distributions, which show that the radon distribution res-
ponds to lurge scale patterns of the vertical wind, as well as to those of hori-
zontal flow. This correspondence was quite pronounced in the case of a well-
defined cellular distribution of w . In our model the maximum vertical p-
velocity generated did not exceed % 2 x 10.4 cb/sec. Danielsen's analysis (1966)
resulted in values uptoc £ 5 x 10-4 ch/sec. It seems reasonable to suppose that
velocities of this magnitude will have an even more marked effect on the radon
distribution Advection by small-scale motion will modify the distributions
generated by synoptic-scale flow. However, it is quite difficult to incorporate
such effects into present-day numerical models. The results obtained so far
are schematic, and it is planned to repeat the calculations with more realistic
general circulation models. Small scale efiects could be introduced parame:r-
ically ™ any case, the results, presented above raise the possibility, that ob-
served distributions of radon in the free atmosphere may help us in the identi-

fication of the synoptic-scale patterns of vertical moticns.
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Figure Captions

The distribution of radon and of the vertical velocity.
lines of constant concentration of radon at 833 mb.

lines of constant concentration of radon at 500 mb.

lines of constant vertical velocity.

Hatched areas are regions of rising air. Cross-hatched areas are

-4
regions with w > 10 ~ cb/sec. M and m refer to maximum

upward and downward flow.

The heavy vertical line in Figs. 2,4 and 6 indicates the boundary between
the region containing sources of radon (on the left) and the region without

sources.
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Fig.
Fig.
Fig.
Fig.
Fig.
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Fig. 7:

Fig. 8:

Fig. 9 - 14:

Day 14, Experiment a.
Day 14, Experiment b.
Day 18, Experiment a.
Day 18, Experiment b.
Day 22, Experiment a.
Day 22, Experiment b.

The zonally averaged zonal component of the velocity, as a
function of latitufle and altitude, in m sec_l. The center of
the diagram models the 45° latitude. Hatched areas correspond
to easterly flow.

The distribution of radon on the 22nd day in Experiments (b)
and tc),

lines of constant concentration of radon in Exp. (b) at 833 mb.
lines of constant concentration of radon in Exp. (b) at 500 mb.
lines of constant concentration of radon in Exp. (c) at 833 mb.
lines of constant concentration of radon in Exp. (c) at 500 mb.
The zonally averaged vertical velocity and the zonally averaged
radon concentration as a function of latitude.

vertical velocity. - - - - radon concentration in Exp. (a)

-.-.-.~ radon concentration in Exp. ().

The ratio between the total radon content of the western half
of the region to that of the eastern half of the region, for ex-
periments (a) and (b), as a function of time.
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